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' Abstract. We introduce the notions of approximate innerness and central 

. triviality for endomorphisms on separable von Neumann factors, and we char- 

_ ' acterize them for hyperfinite factors by Connes-Takesaki modules of endomor- 

. phisms and modular endomorphisms which are introduced by Izumi. Our 

["T | ' result is a generalization of the corresponding result obtained by Kawahigashi- 

^.j. . Sutherland- Takesaki in automorphism case. 

O ■ 1- Introduction 

ri | 

The purpose of this paper is first to introduce two notions, "approximate in- 
nerness" and "central triviality" for endomorphisms on factors, and second to 
generalize the result of Y. Kawahigashi, C. E. Sutherland and M. Takesaki [19] 
to endomorphism case. 

The study of automorphisms or group actions has drawn attentions in studies 
of operator algebras. From the viewpoint of the classification theory of group 
actions, two classes of automorphisms have been considered significant, i.e., ap- 
O ■ proximately inner automorphisms Int(M) and centrally trivial automorphisms 

. Cnt(M) on a factor M, which are studied by A. Connes [HE]. In particular, 

A. Ocneanu obtained the uniqueness result for approximately inner and centrally 
free actions of discrete amenable groups on McDuff factors [28] . 

On those two properties, Connes announced the following characterization 
without a proof, using the flow of weights [5] : for any hyperfinite factor M, 

(1) Int(M) = Ker(mod), 

(2) Cnt(M) = {Ad u ■ of \ u G U{M), c G Z 1 (F M ,C)}, 

where mod: Aut(M) — > Aut(F M ) is the Connes-Takesaki module map [7J, 
Z 1 (F M , C) is the set of scalar valued 1-cocycles for the flow of weig hts F M and 
U(M) is the set of all unitary elements in M. 

A proof of this theorem was first presented by Kawahigashi, Sutherland and 
Takesaki [15]. Their result well motivates us to consider a generalization to 
endomorphisms, but our work also relies on the study of actions because an 
action of a compact group dual (or more generally a discrete quantum group) is 
essentially identical to a Roberts action [30]. Indeed, using the present work, we 
will obtain a uniqueness result for approximately inner and centrally free actions 
of an amenable discrete Kac algebra on hyperfinite type III factors [25J. 
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Now let us explain the details of this paper. In the first half, we study approx- 
imately inner endomorphisms on a factor M. We introduce a topology on the 
set of endomorphisms with finite index, and then discuss approximation by inner 
endomorphisms. Hence it is convenient to introduce the notion of rank for an 
approximately inner endomorphism, that is, if p is approximated by inner endo- 
morphisms with dimension r, then we will say that p has rank r. In fact, we can 
define the rank for any positive real number so that we match approximate inner- 
ness to the theory of the Connes-Takesaki modules for endomorphisms introduced 
by M. Izumi [17] . Then we study the set of approximately inner endomorphisms 
with rank r > 0, which we denote by Int r (M). 

In the latter half, we study the set of centrally trivial endomorphisms on a 
factor M which we denote by Cnd(M). Our aim is to clarify the relation between 
Cnd(M) and End(M) m , the set of modular endomorphisms introduced by Izumi 
[T7] . Our main result is the following (Theorem I3.15[ 14.121) : 

Main Theorem. Let M be a hyperfinite factor. Then one has the following: 

(1) Int r (M) = {pE End(M) CT | mod(p) = 0i og (r-/d( P )) } for any r > 0. 

(2) Cnd(M) = End(M) m . 

Here, End(M)cT is the set of endomorphisms on M which have Connes- 
Takesaki modules. 

We should emphasize that we make use of the main result of [T5] and their idea 
on discrete decompositions, but we mainly use Popa's theory on approximate 
innerness and central freeness of subfactors [29] . Indeed, some discussions of [19] 
involve the classification results of discrete group actions [281 [31], an d it does not 
seem that those are applicable to the endomorphism case at ease. 

2. Approximate innerness of endomorphisms 

First we fix notations. In this paper, we treat only von Neumann algebras 
with separable preduals except for ultraproduct von Neumann algebras. Let M 
be a von Neumann algebra. For <p £ M* and a £ M, we define the functionals 
ipa and cup in M* by <pa(x) := p(ax) and ap(x) := <p(xa) for all x £ M. We 
denote by U(M) the set of all unitary elements in M. We denote by W(M) 
and H / i ac (M) the sets of faithful normal semifinite weights and faithful normal 
semifinite lacunary weights on M, respectively [21 [33] - For a faithful state <p £ M*, 
we set \x\<p := </>(|a;|) and ||x||^ := 4>{x*x) 1 ^ 2 . Note that | • |^ satisfies the triangle 
inequality on the centralizer of 0. We denote by the centralizer of 0, that is, 
x £ Mff, if and only if 4>(xy) = <fi(yx) for any y £ M. 

Let "K C M be a subspace. We say that "K is a Hilbert space in M if Ji C M is 
a-weakly closed and £ C for all £, rj £ % [30]. The smallest projection e £ M 
such that e!K = "K is called the support of "K. 

We denote by End(M) and Sect(M) the set of normal endomorphisms and 
sectors on M, that is, Sect(M) is the set of equivalence classes of endomorphisms 
on M by unitary equivalence. For two endomorphisms p, o £ End(M), we let 
(p, a) = {v £ M | vp(x) = a(x)v for all x £ M}. If p is irreducible, then (p, a) 
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is a Hilbert space with the inner product (V, W) = W*V for V, W G (p, a). For 
an endomorphism p on M, a left inverse of p means a faithful normal unital 
completely positive map on M with o p = id. For a factor M, we denote 
by End(M)o the set of endomorphisms with finite index. For p G End(M)o, E p 
denotes the minimal expectation from M onto p(M) [H] . We define the standard 
left inverse of p by (fi p = p _1 o E p . 

2.1. A topology on the set of endomorphisms 

We define the topology on the set of endomorphisms on a factor, which is 
related to [2U Definition 3.1]. 

Definition 2.1. Let N be a factor. We introduce the topology 7^ on End(iV)o 
by giving the following neighborhoods at po G End(iV)o which are defined for 
neN,a finite family {<pj}" =1 C A* and e > by 

C/(p Q ;<pi, . . . ,<p„,£) = {p G End(iV)o | ||<piO0 p -<^o0 po || < e for all i = l,...,n}. 

The topology 7^ is metrizable. Take a norm dense sequence {<p n }£Li in the set 
of normal states on A*. The following metric d$ defines the topology 7$, 

OO j 

d<t>{Pi°) = 2"H^™ °<f > p~ c Pn° 0er|| for p, (7 G End(A) . 

n=l 

The restriction of on Aut(A) coincides with the u-topology [TT], Definition 3.4] 
as seen below. 

Lemma 2.2. Let a u , v G N, and a be in Aut(iV). Then a u — > a as v — » oo in 
the topology 7^ if and only if a u — > a as v — > oo in the u-topology. 

Proof. The if part is trivial. We show the only if part as follows. The sequence 
{a u } u converges to a as v — > oo in the topology 7$ if and only if \\ip o (a 1 ') -1 — 
(p o ct _1 || — > as v — > oo for all p£ JV». If we put ^oa(^ G A*) for <p, we obtain 
||^ o oj o (a 1 ') -1 — ^|| = o a — ^ o a"||. Hence ||<p o {a u )~ l — <p o — > 
as z/ — > oo for all <p G A* if and only if ||-?/> o a 1 " — if) o a|| = as v — > oo for all 
■0 G A*, which means the convergence of {a u } u to a in the u-topology. □ 

Note that the u-topology on Aut(A) is metrizable and complete. By the pre- 
vious lemma, the restriction of the metric d$ on Aut(A) gives the u-topology, 
but Aut(A) C End(A)o is not closed in general. Namely, that restriction may 
not be a complete metric. 

2.2. Approximate innerness 

Let "K C iV be a finite dimensional Hilbert space with support 1, and {v{\i C "K 
an orthonormal basis. Then p-k{x) := Y2i v i xv t gives an endomorphism of A. We 
say that p G End(A) is inner if there exists a Hilbert space % C iV such that 
p = P;k. Then we have d(p) = dim(JC). We also say that p has rank dim (IK). We 
denote by Intd(A) the set of inner endomorphisms of rank d. Now we introduce 
approximate innerness of endomorphisms. 
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Definition 2.3. Let p £ End(iV) and r £ N. We say that p is an approximately 
inner endomorphism of rank r if for each v £ N, there exists an r-dimensional 
Hilbert space "K u C iV with support 1 such that (pw)v converges to p with 
respect to the topology T^. 

We generalize this notion for general r > as follows. 

Definition 2.4. Let N be a factor. Let p £ End(iV) and r > 0. We say that 
p is an approximately inner endomorphism of rank r if there exist sequences of 
partial isometries {y" C N, v £ N, such that 

(1) «)X = 1 for 1 < i < [r] for all i/6N, 

(2) if r £ N, = for all i/ £ N, 

[r]+l 

(3) J] u iW = 1 for a11 v e N > 

i=i 

(4) lim 



- <V - ° <t> P )v\ 



r 



for all if £ iV*. 



We denote by Int r (iV) the set of approximately inner endomorphisms of rank 
r. By definition, we have 5t(JV) = Aut(M) nlnti(iV). 

2.3. Locally trivial subfactors 

We recall locally trivial subfactors introduced in [29, Chapter 2]. Let P be 
a factor. For po := id and p\ := p £ End(P)o, the locally trivial subfactor 
7V(id,p) c M (id, P ) ig defined as follows: 

M (id, P ) = p® m 2 (C), 

jy(id,p) = | x ,g eoo + ^ (g> en | s £ P} , 

where {ei 3 -}*j =0 denotes a system of matrix units of M 2 (C). The canonical iso- 
morphism from P onto N^ d ' p ^ is denoted by a^ ld ' p \ 

For po, pi > with p + p\ = 1, we set p := (po,pi). We define the unital 
completely positive map (fi p : M*- ld,p - > — ► P by 

l 

i=0 

Then </>^ has the following property: 

(P p (a {id ' p \a)xa^ p) (b)) = atjf p {x)b. 

This implies the map faithful normal conditional expectation 

from M^ d ' pS) onto N^ ld ' p \ By using the local index formula [20, Theorem 4.4], we 
have the following. 

Lemma 2.5. One has lnd(E p ) = p^ 1 + p^d^pi) 2 = p$ l + /if 1 Ind(£ , p ). 
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2.4. Ultraproduct von Neumann algebras and Central sequence inclu- 
sions 

We recall the notion of ultraproduct von Neumann algebras and central se- 
quence inclusions. Our standard references are [2U EEJ EH] . 

Let M be a von Neumann algebra and u a free ultrafilter on N. Denote by 
T W (M) C M) the C*-subalgebra which consists of sequences uo- converging 

to in the strong* topology. Let N(T W (M)) be the C*-subalgebra of £°°(N,M) 
normalizing T W (M). Then the quotient C*-algebra M w := W(T W (M)) /T W (M) has 
a predual and hence is a von Neumann algebra. We call M u the ultraproduct 
von Neumann algebra of M. The quotient map is denoted by tt^. We say that 
(x u ) v G £°°(N,M) is a representing sequence of x G M w if x = 7r £J ((x I/ )y). We 
denote by t u the canonical faithful normal conditional expectation from M u onto 
M, that is, for x = ir u ((x v ) v ) G M w , we have t u (x) = lim x u , where the ultralimit 

is taken with respect to the a- weak topology of M. For ip G M*, we define the 
normal functional G (M")* by <p"(x) := ip(r u (x)) for x G M w . 

Next we consider an inclusion iV C M, where E is a faithful normal conditional 
expectation from M onto N. We define the following C*-subalgebras in £°°(N, M): 

M°(£) ={(x u ) u G £°°(N,M) | lim [| [c^> o ^7, ^] || = for all <p G N*}, 

1>—>L0 

N®(E) = {{x v ) v G £°°(N,N) | lim \\[p,x v ]\\ = for all <p G N*}. 

V— >u 

Then we have an inclusion N®(E) C M®(E) with the conditional expectation 
M°(£) -> iV°(£) defined by E°((x u ) u ) = {E{x v )) u . We define the central 
sequence von Neumann algebras M U (E) and N^i^E) by 

M U (E) := M°(£)/T W (M), N w {E) := (iV°(£) + T w (M))/T a; (M). 

Since E® preserves T^(M), that is, E®(7 U (M)) C Tu(M), we can naturally define 
the conditional expectation E u : M U (E) —>■ N U (E), which is faithful and normal. 

E u E 

The inclusion N W (E) C M U (E) is called the central sequence inclusion of N C M. 
Note that M W (E) is finite. Indeed, a functional ip^oE^ is a faithful normal tracial 
state for all faithful state ip G iV*. 

li N = M, we denote by for M^id^). Elements in M°(idjvf) are said to 
be a;-centralizing. 

Now we consider central sequence inclusions arising from locally trivial subfac- 
tors. Let P be a factor and p G End(P) . For each ^o>A*i > with fi + jii = 1, 
the following locally trivial subfactor is defined as in the previous subsection: 

JV(id.p) c ]Vf (id ' p) . 

Consider its central sequence inclusion 

N^iE") c M^ P \E»). 
Note that M^^) is a subalgebra of P w ® M 2 (C). 
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Lemma 2.6. Set x := E! J= o^i ® % G P w ® M 2 (C). T/zen x G Mi, id,p) (^) i/ 
and on/y i//or each < i, j < 1, a representing sequence (x^) v of satisfies 

lim \\ni(<p o Qpjxij - fijXijfo 0(/> p .)\\ =0 /or a// </? G P*. 



Proof. Let </? G P*. Then for y = Ei j=o^i ® e *i' we nave 

<p o (a^))" 1 o ^((4 ® ey)y) = wiM^Va)), 

and 

Setting x v := E-j =0 ^ij ® e «i; we nave 

i 

i,j=0 

i 

i,j=0 

This implies the following inequalities: 

i 

\\[p o (afM)- 1 o E^W < E ||^o0 Pi )4-^4>°^)|| 

i,j=0 

and 

Therefore x G M^ a,p \e) if and only if \\ni((f o 4> Pi )x^ — /jLjX^(ip ° 4> Pj )\\ — > as 
z/ — > a; for all < i, j < 1. □ 

The previous lemma implies that the projection \ ®ea is in the relative commu- 
tant (N^ p) (E^)yr\M^ p) (E^). Then we see that x®eu G P^Ce^ is contained 
in (1 <g> eii )Mi, id,p) (P^)(l <g> eii) if and only if || [y? o x v ] || -> as i/ -> for all 

(f G P*. This means ^((x"),,) is contained in P ul (E p J, where Pi{Pu,) C P 0J (E Pi ) 

E Pl 

is the central sequence inclusion of Pi(P) C P. Summarizing these arguments, 
we have 

(1 ® e^)M( id ^(P^)(l ® e*) =P.(P Pl ) ® Ce,,, 
(1 ® e^A^P^l =p i (P w ) ® Ce u . 

Namely, the central sequence inclusion of Pi(P) C P is isomorphic to the corner 
of Nu d ' p \E ,J ') C Mu A ' p \ev) cut by 1 ® e^. Hence we have the following lemma. 

Lemma 2.7. One has 

(1 ® e 00 )M( id ^(P^)(l ® e 00 ) = P W ® Ce 00 , 
(1 ® e 00 )Z(M( id ^(P^))(l ® e 00 ) = Z(P U ) ® Ce 00 . 
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The following proposition clarifies the relations between approximately inner 
endomorphisms and central sequence inclusions. 

Proposition 2.8. Let C M^ p > as before. Let CTr M a d , P ) be the center 

valued trace of (E 11 ). Then the following statements are equivalent: 

(1) The central support of I® eoo in M§ {E 1 *) is equal to 1. 

(2) Z(Ni id > p) (E»)) = Z(Mi id ' p) (E")). 

(3) CTr M ad, P)(£>) (l ® e«) = fit for i = 0, 1. 

(4) peEt w/w (P). 

(5) There exist a finite set I and Xj = 7r w ((a:J)j,) G P w , j 6 / s?zc/j i/iai 

(a) y = 1, 

(b) lim ||/ii(v? o (f) p )x u j - /io^^ll = f or a ^ <P e 

Proof. (1)=K2). The inclusion Z(N^ p) (E> i )) C Z \M^ p) (E»)) always holds 
[221 Corollary 1.3.7 (i)]. Let z G Z(Mi, id,p) (£")). Since Z(M<l, id ' p) (^))(l <g> e 00 ) = 
Z(Pw) ® eoo by the previous lemma, there exists zo G ^(P^) such that z(l ® 
e 00 ) = z ® e 00 . Set z' = (a (id ' p) ) w (z ), where (a^) w is an embedding P u -> 
M^ p) (E») naturally defined through a (id > p \ Then z' G Z (n£ A,p) (E»)) , and 
z' G Z(Mi, id ' p) (^)). By assumption, z(l ® e 00 ) = z^ 1 ® e oo) yields z = z'. 

(2) =>(3). Let CTr^ad.p)^^ and CTr^d,?),^ be the center valued traces of 

N^ ld,p) (E^) and Mi, id,p) (P^), respectively. Then the maps E% o CTr M (id iP ) (EM) and 

CTr^cid.p),^^ oP^ are faithful normal conditional expectations from Mu A ' p \E ti ') 

onto Z{N^ d,p \E i1 )). Since those conditional expectations preserve a faithful nor- 
mal trace of the form p^ o E£, (p G N*, we have the equality 

^ o CTr M a d „) (£M) = CTr^,)^ °P P . 

Since CTr M (id, P )^^(l <8> en) is contained in Z{M^ d ' p \E^)), it is also contained in 
Z(N^ d,p \E^)) by the assumption of (2). Using E%(1 (g> e&) = //j, we have 
CTr M o djP)(EM) (l ® e 4t ) =^(CTr A/ ad, P)(£M) (l ® e«)) = CTr^ d , p)(SM) (P£(l ® e«)) 

(3) =>(4). Since 1 ® e 00 and 1 (g> e n have central traces /i and /ii, respectively, 
there exist partial isometries {wj}^/ po ' +1 such that Uj = (1 <8> en)uj(l <S> eoo), 



:i®e 00 ) for 1 < j < [/n/H and Zj=i u jU j = ^en- Let {vj}^{ 
be as Mj = Vj ® e w . Take a representing sequence of Vj = (Vj) v with (vj)*Vj 

for 1 < j < [ni/n Q ] and jjfll^ 1 v j( v j Y = 1 - B Y Lemma EH v] satisfies 
lim \\fii((p o (p Pl )v u — HovfaW = for all p> G P*. 

This means that p G Int^/^, (P) . 



(4) =^(5). Take partial isometries (i>]%, 1 < j < \p,i/fi ] + 1, as Definition 12.41 
for p G Int[ Ml / AtQ ](P). We set / := {1, . . . , [/X1//X0] + 1} and = V- <8> do- Then 
by Lemma [2.6} the sequence {x u j ) u represents the element Xj in we 
have ^2j G jXjX* = 1. In particular, \J s{xjX*) = 1. 

(5) =>(1). Take a finite family C P w which satisfies the conditions in 
(5). The condition (b) implies that Xj Cg>ei G M§ {E 1 *). Let x, = be the 
polar decomposition. Then u, ®ei G M^ d ' p \E^)^ and Viei s ( t 'i t 'i) = ^ fr° m ( a )- 
We assume that z(l <S> eoo) = for some 2 G Z(M^ id ' p) (^)). Then z(vj (g) do) = 
(fj (g> eio)^ = 0, and we have z{vjV* ® en) = 0. Since Viei* s ( t 'i t 'i) = 1> we have 
z(l <g> en) = 0. Hence z must be 0, and equivalently the central support of 1 ® eoo 
in Mi id ' p) (^) is equal to 1. □ 

Now we generalize [29, Proposition 2.3 (ii)] to the case of endomorphisms. 
Readers are referred to [29, Definition 2.1] for the definition of the approximately 
inner inclusion of factors. 

Theorem 2.9. Let fio, Hi > with ^0 + ^1 = 1- Then the following statements 
are equivalent: 

(1) The inclusion N^ d ' p > C M^ ld,p ^ is approximately inner. 

E p 

(2) The inclusion p(P) C P is approximately inner and p G Int^/^P). 

// p is irreducible, the above statements are also equivalent with the following: 

E p 

(3) The inclusion p{P) C P is approximately inner and there exists a sequence 
of partial isometries (v v )^ =1 in P such that 

lim ||/ii(<£> o 4>p)v u — fi v u (p\\ = for all tp G P*, 
and v u is an isometry (coisometry) when p, < p,\ (resp. /i > 



Proof. (1)=^(2). The inclusion p(P) C P is isomorphic to the reduced inclusion 
j\r( id >A>(l® eil ) c (l®e 1 i)M( id '^(l(8)eii) with a conditional expectation (E^) meil . 

E p 

Hence the inclusion p(P) C P is approximately inner by [291 Proposition 2.7 (i)]. 
Next we show that p G Int Ml / M0 (P). By Proposition 12.81 it suffices to prove 

that the central support of 1 ® e o in M!j d,p \E p ) is equal to 1. We make use of 
a Pimsner-Popa basis for E£ as follows. 

On the corner at l®eoo, rn 00 := l<S>eoo is a basis because Nv P \E p ) (1® eoo) = 
(1 ® e o)M^ id ' p) (P^)(l ® e 00 ) holds. 

Next we consider the corner at 1 ® e n . By [291 Proposition 2.2], the central 

(Ep)uj 

sequence inclusion p(P (JJ ) C P^{E P ) is a Ind(P p ) -Markov inclusion, and so 
is N^ p) (E^)(l g> e n ) c (1 ® en)M,i id ' p) (P^)(l <g> e n ) with a conditional expec- 
tation (P^)(i®en)- Take an orthonormal basis (mj 1 ) :;g / 11 for (P p )(i<g> e:L i)- Then 



^E^mfYmf) = S jk fj is a projection in (1 <g> en) Aft , <g> en), and 

^ mjVf)* = Ind(E p )(l ® e n ). (2.1) 

Now we have an orthonormal family {/x m 00 }U {/i x 1 ^ 2 w,} 1 }je/ 11 with respect 
to the expectation i?^. By adding other elements {m p } p& j, we can extend the 
orthonormal family to an orthonormal basis for E u . 

Then the Markov property of E£ implies the following equality: 

Ind(£") =/i - 1 m 00 (m 00 )* + Y j m p m* p + £ ^^(mj 1 )* 

= /io 1 (l®eoo) + ^m p m; + /ir 1 Ind(E p )(l®e 11 ) (by (2.2) 

We prove that the central support of 1 ® e o in Mu d ' p \E) is equal to 1. Assume 
that 2(1 (g> eoo) = for a central projection 21 in (E). Note that m p is off- 

diagonal because m°° and m* 1 are orthonormal bases of the corner of M^ P) {E^) 
reduced by 1 <8> eoo and 1 <§> en, respectively. Hence we have zm p = 0. By 
multiplying z to (12.21) . we obtain 

lnd{E p )z = nl 1 lnd(E p )z(l <g> e n ). 

However the formula of Lemma 12.51 implies that Ind(-E M ) > fi^ 1 lnd(E p ). This 
shows that z must be equal to 0, and the central support of 1 (g> eoo is equal to 1. 

(2)=K1). We prove that M id ' p) (^) c" Afi id,p) (E^) is an Ind(^) ^-Markov 

inclusion. Then N^ ld ' p ^ C M^ d,p "> is approximately inner by [291 Proposition 2.2]. 
By Proposition 12.81 1 ® e oo an d 1 ® e n have the scalar central traces /x an d A*i> 
respectively. We may assume /i < /n because the similar proof works in the case 
of // > fJ>i- This allows us to take a family of partial isometries {vj <g> eio}™^ 1 in 

M^ P \E^) such that = for j ^ k, v*Vj = 1 for j < m and Y^=i v i v j = L 
We construct a basis for E p as follows. 

For the eoo-entry, we set m 00 = /i 1 ^ 2 (l ® eoo). For the en-entry, we take a 
basis {m^jeiu as before. 

For the eio-entry, we set mj° := (vj ®eio)m 00 . Then {mj }™^ 1 is an orthonor- 
mal family satisfying 

m+l 

Mo 1 (l®e 11 ) = ^mf(mf)*, (2.3) 

and 

m+l 

(1 ® e n )M( id ^(^)(l ® e 00 ) = ]T ™,? N^E") . (2.4) 
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For the e i-entry, we set m® 1 := (v* Q <8> eoi)^ 1 for a fixed i . Although {m^lj is 
not an orthonormal family, for any x G M^ P \E») we have 

m+l m+1 

Y,mf{E^U{mffx) = J>* ® eoOmf^CCK ® e 01 )mf )**) 

m+l 

= 5Z« ® e i)m) 1 (^) £J ((mf)*K ® ei )x(l <g> en)) 

= (v* Q (g e i)(vi <8> ei )x(l ® en) 
= (1 <g> e o)x(l ® en). 

This shows that (m® 1 , (mj 1 )*)^ is a quasi-basis for e i-entry of Mi, ld,p ^(.E M ) in the 
sense of [35]. Moreover we have 

m+l 

mfimff = /ir 1 Ind(£„)(l ® e 00 ). (2.5) 

2=1 

Then the family {(m|, (mj)*)}^- is a quasi-basis for {E 11 )^. Using f!2.ip . 02.31) 
and (12.51) . we have 



E m iK)* = E^vn* +E™*V! 1 r +E^V!°r +E^°vn* 



= /Uo 1 (l®e 00 ) +^ 1 Ind(E p )(l®e 11 ) 

+ no l (l <g> en) + /^r 1 Ind(£„)(l <g> e 00 ) 
= (fiQ 1 + 1 Ind(£ p ))(l <g> e 00 + 1 ® en) 
= Ind(^) (by Lemma [23]). 

Hence the inclusion N£ d ' p) (E») c" Mi, id ' p) (^) is Ind(^)~ 1 -Markov, and the 

inclusion N^ d ' p ^ C M^ ld ' p ^ is approximately inner by [2"5l Proposition 2.2]. 

(2) =^(3). In fact, the irreducibility of p is unnecessary. By Proposition 12.81 
eoo <8> 1 and en (g> 1 have scalar central traces /io an d /ii, respectively. If /Jo < A*i, 
then there exists an isometry t> G P 1 ^ such that v (8> eio G M^'^^E^). Let (f 17 )^ 
be a representing sequence of t> which consists of isometries. By Lemma |2T6| (v ") u 
satisfies 

lim ||/ii(v? o (f) p )v u — fj, v u ip\\ = 0. 

V — >LO 

Then we take a subsequence of (v p ) v so that the above equality holds as v — > oo. 

If A*o > then the similar argument still works, and we can find a desired 
sequence which consists of coisometries. 

(3) =r*(2). We prove that the central support of 1 ® e o is equal to 1. Take a 
sequence of partial isometries (v") v as in (3). Put v := tt uj ((v u ) u ) G P w . Then 
the element v ® eio is contained in M^ d,p \E^) by Lemma [2.61 
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If po > Hi, we have 1(8) en = iy ® e w ){v ® eio)* which is equivalent to v*v ®e o- 
Hence the central support of 1 <g> e o is equal to 1 in this case. 

If fio < Hi, we have 1 <8 eoo = (v <8 eio)*(i> (8 eio). Suppose that a non-zero 
projection z G Z [M^ A ' ,p \E t1 )) satisfies z(l (8 eoo) = 0. Then z is of the form 
z — z\ (8 en, where zi is a projection in Z(P u (E p )). Since z is central, we have 
z(f (8exo) = (f(8ei )z = (u(8e 10 )(l<8eoo)^ = 0. This means Z\W* = 0. Note that 
vv* G P j(E p ), and r w (w*) G p(P)' H P = C because p is irreducible. Now for zi 
and f , we apply the Fast Reindexation Lemma [28, Lemma 5.3]. Then there exists 
a map W*(i;) — >■ P 1 ^ such that t w (zi\&(to*)) = 7^(21)7-^(^1;*), which is not 
equal to 0. In particular, zi^f(v) 7^ 0. By the construction of the fast reindexation 
map \I/ in the proof of (28] Lemma 5.3], we may assume that ty(v) is given by 
mapping {v v ) v to some subsequence (v v ^)k. Hence W(v) (8eio is also an element 
of M^ ld ' p) (P^). However, zi^f(v) (8 ei = z(*(i;) (8 ei ) = (8 ei )z = 0, and 

this is a contradiction. 

Therefore in the both cases, the central support of 1 (8 eoo is equal to 1. Then 
by Proposition EH p G Int mM) (P) . □ 

2.5. Basic properties of approximately inner endomorphisms 

Let M be a factor and p G Int r (M) with r > 0. Then for any u E U (M), Ad uop 
is also in Int r (M). Hence approximate innerness is a property for sectors. The 
sector space Sect(M) has the basic operations, i.e., composition, decomposition, 
direct sum and conjugation. We study how approximate innerness behaves for 
these operations. For sector theory, readers are referred to [T5], (2TJ [22] . 

Lemma 2.10 (Decomposition rule). Let p G End(M)o and [p] = ©ie/m^Pi] be 
the irreducible decomposition where rrii is the multiplicity of [p^ in [p\. Then 
p G Int r (M) if and only if pi G lnt r d( Pi )/d( P ) (M) for all i G I. 

Proof. Suppose that p G Et r (M). Take {i^Sf 1 , v G N, as in Definition El 
Let {wl}™^ be an orthonormal basis of the Hilbert space (pi,p). Then we have 



d(p)M x ) = ^y^d{pi)(j) Pi {{wl)*xwl). 
iei fc=i 

For the proof of this equality, readers are referred to [23| Lemma A. 2]. Then for 
all (p G M* and 1 < k < rrii, we have 



lim 

V — >oc 



0. 



It is equivalent to 7r w (((i«|.)*i;j') I/ ) ®ei G M„ where /4 + /4 = 1 an d 

p /p J i = d(p)/(rd(pi)). Setting := (w l k )*Vj, we have 

[r]+l tiij M+l mi mi 

E E = E E(<)XK)*<4 = Ek)*^ = dim (/^)- 

j=l fc=l j=l k=l k=l 

By Proposition I2.8[ we see that pi G lnt r d( Pi )/d(p)(M). 
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Conversely we suppose that p« G lnt r d( Pi )/d(p)(M) for all i £ /. For each i 6 J, 

we take sequences of partial isometries ^ G N, as in Definition 

12.41 Then for all i, j and <p G M*, it satisfies 



lim 

Then for all 1 < k < m,-, 



o. 



lim \\r- 1 wiv)''ip-(<po<l> p ).(wiv}'')\\ = 0. 

Hence 7r £J ((w fc ?;j l %) ®ei G M£ d,p) (£(")), where p + pi = 1 and p />i = 1/r. 
Since 

m, [rd(/9i)/d(/9)]+l 

EE E «*«rwr = i, 
fc=i j=i 

p G Tnt r (M) by Proposition □ 

Corollary 2.11. Let p,a G End(M)o. Suppose that a ~< p and p G Int r (M). 
T/ien (j G Int rd(o .) /d ( p )(M). 

Proof. Let [a] = ©i[o~j] be the irreducible decomposition. By applying the pre- 
vious lemma to (7j -< p, we have <jj G Int r d( CTi )/<i(o)(M). Note that rd(o~i) / d(p) = 
(rd(a)/d(p))d(ai)/d(a). Using again the previous lemma, we see that a G 
Int rd{a)/d(p) (M). □ 

On composition of endomorphisms, the following result holds. 

Lemma 2.12 (Composition rule). Let pi G Int r . (N) for i = 1,2. Then pi o p 2 g 
Et nr2 (iV). 

Proof. Take sequences of partial isometries {v^}^^ 1 and {t^}^^ 1 satisfying 
the conditions in Definition 12.41 for pi and p 2 , respectively. Then for all <p G M*, 
z = 1,2 and 1 < j < [r»] + 1, 

lim llr-V-V-W^MI =0. 



It is easy to see that 

lim ||(rir 2 ;rV ll ^ ! V - (<p o P2 o ) • v) ' 

for all 1 < j < [n] + 1 and 1 < < [r 2 ] + 1. Hence 7r w " ® eio)*,) G 
Mi, id ' plp2) (^ '^), where p + p x = 1 and p /pi = l/fara). Since 

[ri]+l [r 2 ]+l 

i = E E 

i=i fc=i 

Pi o p 2 g Int rir2 (M) by Proposition 12.81 □ 
On conjugation, we have a result only for hyperfinite factors (Corollary 13.181) . 
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2.6. Descriptions of Int r (iV) for hyperfinite semifinite factors 

Lemma 2.13. Let N be a type I factor, then Int r (iV) = for all r N and 

M r (N) = lntr(N) for all r G N. 

Proof. Suppose p G Int^iV) fl Int r (iV) for some r > 0, where d = d(p). We will 
show r = d. Take sequences of partial isometries {i^}^ 1 C N, v G N such that 
(^)X = 1 for 1 < i < [r], YSi 1 <«)* = 1 for all ^ G N and 

lim llr -1 ^^ — {<p o 4>p)Vi\\ = (2.6) 

v— »oo 

for all 1 < i < [r] + 1, </? G iV*. Take a Hilbert space McIV implementing p. 
Let {u^}^ be an orthonormal basis of IK. Then p (x) = c/" 1 X/i=i w j xw j f° r 
x G iV. Hence (12 .6p is equivalent with 

lim ||r~ 1 ('w;*f^) ■ <p — gT 1 ^ • (w*ff)|| = 

for all 1 < i < [r] + 1, 1 < j < d, <p G N m . 

Let a G N be a trace class operator. We apply the above limit equality to 
(p = r a . Then the trace norm of r~ x w*v\a — d^awjv" converges to 0. Since the 
trace norm dominates the uniform norm, we have 

lim ||r~ 1 u>*f J I/ a — <i _1 aw*f i l/ || = 0. 
Let a be a finite projection, and we have 

lim \\{r~ l — d~ l )aw*Via\\ =0, lim ||(1 — a)w%^a\\ =0, lim \\aw*v^(l — a)\\ = 0. 

li r ^ d, then the above equalities imply that ||u>*t^a|| — > and ||au>*t^|| — >■ as 
f — > oo for a finite projection a G iV. Thus wjuf — * strongly* as z/ — > oo. Since 

v\ = Yl'j=i w j( w j v i)y v i ~ ¥ strongly* as v — > oo. This is a contradiction with 
1 = YS^x <«)*■ Hence r = and Int d (iV) n Ert P (iV) ^ yields r = d. 

Since any endomorphism on N is inner, the statement of this lemma holds. □ 

Lemma 2.14. If N is a type Hi factor with the tracial state t, then rnt r (iV) = 
for all r ^ 1. Moreover if N is a hyperfinite factor, then Inti(iV) = {p G 
End(iV)o \to4> p = t}. 

Proof. If Int r (iV) ^ 0, we can take p G Int r (iV). By definition, there exist 

sequences of partial isometries {t^j-ji^ 1 C iV, z/ G N, with the conditions in 
Definition 12. 41 At least v\ is an isometry (or coisometry) when r > 1 (resp. 
< r < 1), but we note that any isometry (or coisometry) is a unitary because 
N is finite. Hence v " is unitary. Then we have 

lim ||r~V ° Ad(f i)* - (p o II = for all ip G iV*. 

n—*oo ' ' " 

In particular, r~ l tp{\) — ip{l) = {r~ l tp o Ad(t>J / )* — cp o P )(1) is equal to 0. Hence 
r must be equal to 1. The latter assertion follows from [2H Lemma 3.9]. □ 
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Lemma 2.15. Let N be the hyperfinite type 11^ factor of with the trace r. Let 
p G End(iV)o and mod(p) be the module of p, i.e., r o <p p = d(p)~ l mod(p) _1 r. 
Let A > 0. Then p G Int^(iV) if and only if A = d(p) mod(p). 

Proof. We will show p G Tnt\(N) for A = d(p)mod(p). Set fi — (1 + A) -1 , 
/il = A(l + A)" 1 . Consider the locally trivial subfactor C with 

the conditional expectation E := E^°' pl \ Then E preserves the trace r <g> Tr on 

M < - ld ' p - 1 , and the locally trivial inclusion N^ ld ' p ' C M^ ld ' p ' is approximately inner 
by [29l Theorem 2.9 (i)]. Then Theorem 12.91 implies that p G Int,\(iV). 

Conversely we assume p G IntA(-ZV) for some A > 0. We set po := (1 + A) -1 

Ep 

and pi := A(l + A) . Then the expectation E p preserves r, and p(N) C N 
is approximately inner [291 Theorem 2.9 (i)]. Hence the locally trivial subfactor 

N(id,p) c ^f(id, P ) ig approximately inner by Theorem 12.91 Again by [29l Theorem 
2.9 (i)], E^ preserves the trace r ® Tr, that is, A = d(p) mod(p). □ 

We will use the following generalization of the previous lemma to non-factorial 
case. The definition of approximate innerness is naturally extended to this case 
as Definition 12.41 but we have to fix a left inverse of an endomorphism. 

Lemma 2.16. Let N be a hyperfinite type 11^ von Neumann algebra with a 
faithful normal semifinite trace r. Let p G End(iV) with a left inverse (pp. If 
p\z{N) = id and r o p = A _1 t for some A > 0, then p is approximately inner of 
rank A with respect to (fi p . 

Proof. By assumption on the hyperfiniteness, we can regard N = Z(N) (g> -Ro,i- 

First we assume that A = 1. We have r o cp p = r, and r o p = r. Since p = id 
on Z(N), p{p) is equivalent to p for any projection p6iV. 

Take a system of matrix units {ejj}^ =1 in i? ,i such that are finite projec- 
tions for all i. We take a partial isometry w G N such that w*w — 1 ® ex,i and 
ww* = p(l (g> en). Then we set a unitary t> := ^^ 1 p(l ® eji)w(i (g> eij). It is 
easy to see that v(l <S> %) = p(l ® ey)i; for all z, j. Hence a := Adv* o p fixes 
Z(iV) and the type I subfactor B generated by {1 ® e^j}^ =1 . Considering the 
left inverse <p a := <p p o Adt> of a, we may assume that p fixes B. We note that 4> p 
also fixes them. Indeed if p(x) = x for x G iV, then = (f> p (p(x)) = x. 

Now consider the reduced endomorphism p llX,ei1 on the hyperfinite type Hi von 
Neumann algebra (1 <S> en)N(l <S> en) = Z(N) <S> en-R ,i e ii- Using the natural 
isomorphism from i? ,i onto eni?o,i e n ® we see th & t P an d 0p are of the form 
pi®en (g, an( j 0i®eu (g, idi? on ^(jv") <8> eiii?o,ien <g> B, respectively. Then the 

same proof of [2H Lemma 3.9] works after a slight modification on a treatment 
of the center. Hence p 1(8ei1 is approximately inner of rank 1, and so is p. 

Second we consider a general case. Take 9 G Aut(i? ,i) with module A. By the 
previous lemma, 9 G Aut(i? ,i) is approximately inner of rank A. The trace r is 
given by r <g> T\ where r and T\ are the traces on Z(N) and Rq,i, respectively. 
Then the automorphism id ®6 satisfies r o (id (&9) = Ar. We simply write id ®9 
as 9 below. It is easy to see that 9 G Aut(A^) is also approximately inner of 
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rank A with respect to the left inverse 9~ x . Obviously 9 is trivial on Z(N). Set 
p := 9~ x p and (f> po = (f> p o 9. Then we have po\z(N) — id and r o po = r, and the 
first part of the proof implies that po is approximately inner of rank 1 . 

Take sequences of partial isometries {uj}^^ 1 , {u u } l/ , v G N, in iV such that 

W+i 

(1) (^)X = 1 for 1 < j < [A], J2 V "MY = L 

(2) (u")*u v = 1 = u v {u v )*. 

(3) For all tp E N* and 1 < j < [A] + 1, 

lim ||A~VV - o 0- 1 ) • ttfll = 0, lim \\u v (p - {cp o po ) ■ = 0. 
Then it is easy to see that 

lim llA-YVV - o ) • uXll = 0. 

Since fjw 1 ' is an isometry for 1 < j < [A] and Ylf^ 1 v^u v {v^u v )* = 1, p is 
approximately inner of rank A by definition. □ 

3. Canonical extensions and approximately inner endomorphisms 

In this section, we discuss a generalization of the result proved by Kawahigashi, 
Sutherland and Takesaki [19], that was first announced by Connes without a proof 
[5]. Their result says that for any hyperfinite factor M, an automorphism on M 
is approximately inner if and only if it has trivial Connes- Takesaki module, that 

is, 

Int(Af) = Ker(mod). 

3.1. Canonical extension 

We recall canonical extensions of endomorphisms introduced by Izumi |17j . 

Let M be a factor and M the canonical core extension of M [HI Definition 2.5], 
which is the von Neumann algebra generated by M and one-parameter unitary 
groups {A ¥ '(t)}t g ]R, <p G W(M), satisfying the relations 

af(x) = A v (t)xA^(t)*, A*(t) = [Dip : Dtp] t \v(t) 

for all x G M, t G R and tp, ip G W(M). 

Let us represent M on a Hilbert space if. The crossed product M R for 
the modular automorphism group a 1 ^ is the von Neumann algebra generated by 
7i>(M) and A(R) in B(H <8> L 2 (R)) such that 

(7r CT ,(x)0(s) = ^(^(s), (A(t)O(^) = i{-t + s) 
for all x G M, £ G H ® L 2 (R| = L 2 (R, if) and s, t G R. By Theorem 2.4], we 
have the isomorphism IT^: M —>■ M y\ aV R satisfying 

n^(x) =7i>0), n^(A v (t)) = A(t) for all x G M,t G R. 

Let 9 be the R-action on M satisfying 

9 s (x) = x, 9 s (X v (t)) = e-^X^it) for all x G M, s, t G R. 

15 



Then o Q s — a^s o for all s6i The action 6 is also called the dual action. 

Let p be an endomorphism on M with finite index. Then the canonical exten- 
sion p of p is the endomorphism on M defined by 

p(x) = p(x), p(A*(t)) = d(p)*[D<p o p : Dy] t \*{t) 

for all x G M, t G R and <p G W(M). Note that p commutes the dual action 9. 

3.2. Normalized canonical extension 

Let ~ : End(M) — > End(M) be the canonical extension. It is known that 
the canonical extension is continuous on Aut(M) with respect to the w-topology. 
However in general, it is not continuous on End(M) because the statistical di- 
mension map d: End(M) — »■ [1, oo) is not continuous with respect to our topol- 
ogy (recall Definition 12. II) . In §3.4[ we will discuss a relation between approximate 
innerness and Connes-Takesaki modules. Then we need the continuity for that 
purpose. Hence we introduce a modified canonical extension map as follows. 

Definition 3.1. Let M be a factor and p G End(M) . We define the normalized 
canonical extension map" : End(M) — > End(M) by 

p(x) = p(x), p(\v(t)) = [Dip o p : Dip\ t \*(t) 

for all x G M, t G R and <p G W{M). 

Indeed, we have 

P = 01og(d(p)) ° P = P ° ^log(d(p))> 

which shows the existence of p. 

Next we want to discuss a convergence in End(M) by using particular left 
inverses. Note that M may not be a factor. Even in non-factorial case, minimal 
expectations can be also defined as in [9] , and it will be possible to give a topology. 
However, in order to avoid using a disintegration of factors and left inverses, we 
do not take such a way. For our purpose, the following notion presented in [241 
Definition 3.1] is sufficient. 

Definition 3.2. Let M be a von Neumann algebra and p u , v G N, p endomor- 
phisms on M. Let (fi u and be left inverses of p v and p, respectively. We say 
that the sequence of the pairs {(p u , <p v )} v converges to (p, 0) if 

lim \\ip o (jf - ip o 0|| = for all ip G M*. 

u^oo 

Note that the above convergence implies pointwise strong* convergence, that 
is, if (p u ,(p u ) converges to (p, 0), then p u (x) — > p(x) strongly* as v — » oo for any 
x G M [24J Lemma 3.8]. When M is a factor, p v converges to p in Endo(M) in 
the topology defined in Definition 12.11 if and only if (p u , P ^) converges to (p, P ). 
We study the relationship between the convergence of endomorphisms and that 
of implementing isometries [10] . 

Let M be a factor as before. We represent M on the standard Hilbert space 
L 2 (M). The positive cone is denoted by L 2 (M) + . In what follows, we use the 
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following useful equalities for p G End(M) : 

af *" op = poat, [Zty o<p p :D X o <f> p ] t = p([D^ : D X ]t) (3-1) 

for all W(M) and i e 1 [13, p. 5-7]. Since ip o <f) p o E p = o p , £ p and 

crf 0<?ip commute (33J p. 317]. Hence we also have 

of*' oE p = E p o af°^, af o <f) p = <p p o af *". (3.2) 

where the latter equality follows from the former one and (13.11) . 

Now let us fix a faithful state ip G M*. We take a unit vector G L 2 (M) + 
such that ^(s) = ( ££/,,£/,) for x G M. For each p G End(M) , we take a unit 
vector ^ 0(j)p G L 2 (M)+ such that tp(<f) p (x)) = {x^ 0(t)p , ^ <f> p ) for x G M. Following 
p!Ut Appendix A], we define the standard implementation V p for p by 

Vp(^v) = P{ x )^o<j> p for all x G M. 
Then the isometry Vp satisfies the following (TUJ Proposition A. 2]: 

V p x = p(x)V p , (p p (x) = V*xVp for all x G M. 
Let and A^ be the modular operators of ip and ip o p , respectively. Then, 

VpA* = A* 0(t> Vp foralUGR. (3.3) 
Indeed, using a formula <jf°^ p o p = p o af, we have 
^Aj(^) = Vp(a?(a;)&) = fat 

= A^ p \/ p (x^). 

Lemma 3.3. Let (p u ),yen an d p be endomorphisms on a factor M with finite 
index. Then the following statements are equivalent. 

(1) (p u ) u converges to p. 

(2) ^(x))^ converges to p(x) strongly* for allx G M and lim £^ 0( a „ = . 

(3) (V p v) u converges to V p strongly. 

Proof. (1)=>- (2). The strong* convergence of p u (x) follows from [2"H Lemma 3.8]. 
Since M acts on L 2 (M) standardly, the convergence ip o <fi pV —> ip o <p p implies the 
convergence ^ Qlf>pV -> ^ <f> p [HI Lemma 2.10]. 

(2) => (3). By (2), we see that for all x G M, 

lim Vp»(x^) = lim p u (x)^ 0(j> = p(x)^ 0<j) = V p (x^). 

is — >oo v — >oo 

The norm-boundedness of V p » implies the strong convergence. 

(3) => (1). For vectors (,f) G L 2 (M), we denote by u^ )V G M* the functional 
0^(2) = (x£, rj) for x G M. Since implements </> p *, we have o <p pV = 
u v v£,v un- By elementary calculation, we have 

IK,?? - W&r, ° <t>p\\ < hWWp-i - V,£\\ + ||£||||V>77 - V p T]\\. 
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Hence we have the norm convergence o <\> pV — > uj^ v o p as v —>■ oo. Since any 
normal functional on M is of the form oo^ tV , £, rj G L 2 (M), we have done. □ 

Lemma 3.4. Let M be an infinite factor, p±, P2 G End(M)o and t>i,t>2 G M 
isometries with viv{ + Viv\ = 1. M^e define p G End(M) fry p(x) := + 
t>2P2(^)^2- Then for any weight (p on M, we have 

2 

d(pf[Dtp o cj )p : Jty] t = ^dfaOVAP o Pfc : D^f^). 

fc=i 

Proof. It is shown by using d(p)<f) p (x) = Yll=i d{.Pk)4>p k { v k xv k) an d the relative 
modular condition [3H Theorem VIII. 3. 3]. □ 

Now we construct a left inverse of a canonical extension. 

Lemma 3.5. Let p G End(M) and p be the canonical extension of p. Then 
there exists a left inverse <p p on M such that 

M^(t)) = d(p)- u Mx[D<P ■■ Dip o <j> p ] t )\*(t) 
for all x E M, t eR and Lp e W(M). 

Proof. When M is finite, we consider P := B(£ 2 ) (g) M and a := id®p. Then 
P = B(£ 2 ) ® M and a = id(g>p. If the statement holds for infinite case, there 
exists a left inverse 0^ on P with the above property. Since a is trivial on B(£ 2 ), 
so is (pa- Then we can define the map <p p on M by 0^ = id®0p, which has the 
desired property. Hence we may and do assume that M is infinite. 

Take an isometry v G (id,pp). We set 0p(x) := v*p(x)v for x G M. By (T7J 
Proposition 2.5 (1)], v G (id, pp). Hence 4> p is a left inverse of p. By the previous 
lemma, we have 

d(ppfv*[D<po<f> iSp :D<p] t = (T?(v*). 
Using (fipp = 4>p4>p and ( 13.1ft . we have 

<f> p {x\ v (t)) = v*p(xA^(t))t; = v*p{x)d{pf[Dtp o 0^ : L><p] t A^(*)?; 
= d(pfv*p(x)[D V o0 p : D^af^A^*) 

= d(/>)Vj5(aO[£V o 4>- p : Dp] t ■ d(pp)- u [Dip o <p pp ■ D<p]* t v\*(t) 
= d(p)- u v*p(x)[Dip o(f>- p :D<po <f> Pp \ t v\f{t) 
= d(p)- u v*p(x)p([D<p : Dip o <J) p } t )v\*(t) 
= d(p)- u <P p (x[D^:D^o ( f )p ] t )X^t). 

□ 

Hence the map 4>p := (p p o 0-i O g(d(/5)) is a left inverse of p such that 
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Let p G M* be a faithful state. We identify M with M ~A a f R via 11^. For 
p G End(M) , we define the operator Up on L 2 {M) <g> L 2 (R) = L 2 (R, L 2 (M)) by 

(C^O(s) = [D<po<i> p : ^ all £ G L 2 (R, L 2 (M)), s G R, 

where is an isometry defined as before by the fixed faithful normal state ip. 

Lemma 3.6. For p G End(M) 0; Up has the following properties: 

(1) Up is an isometry. 

(2) Upx = p{x)Up for all x e M x a¥J R. 

(3) <f)p(x) = U*pxUp for all x e M x aV > R. 

Proof. (1) It is trivial. 

(2) Let x G M and t G R. Then we have for s G R, 



(UpMx)\(tm)(s) = lD V o ( f )p 

= [D<p o p 
= [IV ° <P P 
= [Dp o <f) p 



D<p]l,V p ((ic aV (x)\(t)t)(8) 

DtpY_ s vy_ s {x)t{-t + s) 

D<p}*_ s p(o-* s (x))V p {i(-t + s) 
Dpt s ^(p(x))V p a-t + s) 
= aUp(x))[Dp°<t> P : DpY_ s V p a-t + s) 
= o- lp _ s (p(x))[Dpo(j) p : Dip]*_ s [Dip o (f) p : 

= o-* s (p(x)W-s([Dp o P : !></?]*) • (U£)(-t + s) 
= (n a ,(p(x)[Dpo ( f )p : Dp] t )\(t)Upt)(s) 
= (p(7r aV (p(x))\(t))U P Z)(s). 
Hence the equality of (2) holds. 

(3) By (2) and (3), we have for x G M, t G R and f , r] G L 2 (M) <g> I 2 (R), 

(Upllav (x)\(t)U p £, 1]) 



oo 
oo 



/•C 

/ (<7^(x)(^)H + s),(^)(s))ds 

J— oo 

/oo 
-oo 

/oo 
° 0p : DipUa* s {x)[Dp o p : + s), V^(s))cfe 

-oo 

/oo 
(<7r/'(a;)[Ity o 0, : DpU\Dp ° <\> p : IH'^H + s), V pV (s))ds 
•c 



' — oo 

/oo 



(a!!?'(x)(7^([D V o p : £H*)^(-f + s), V p rj(s))ds 



oo 
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{y;a^"(x[Dip : Dpo<t> p } t )V p Z{-t + s),r){s))ds 

/oo 
(^(ar^ixiDcp : Dp o 0„] t ))£(-t + s), r)(s))ds 
-oo 

(v* a ((f> p (x[D<p : Dp o 0„] t ))£(-f + s),77(s))ds (by Q) 



— oo 
oo 



oo 
oo 



= (7iaf((f)p(x[Dp : Dyjo0 p ] t ))A(t)^,7/) 

□ 

Lemma 3.7. Assume that (p u ) u eN converges to p in End(M)o. Then Up con- 
verges to Up strongly. 

Proof. Since Up and Up are isometries, it suffices to show that (Up£, rj) converges 
to (Ufa rj) for all £, rj E L 2 (M) <g> L 2 (R). Moreover we may and do assume that 
£,77 have compact supports on R. Then we have 

/oo 
-00 

/oo 
([Dpo<t> p „:Dp}*_ s V P Z(s), V (s))ds, 
-oo 

which converges to 

/"OO 



because for each r > 0, the cocycle [Dy? o <f> p u : Dp] t uniformly converges to 
[Dp o cj) p : Dip]t strongly as v — > 00 for all t G [— r, r] [34, Theorem IX. 1.19]. □ 

Theorem 3.8. Let M be a factor. Then the normalized canonical extension 
is continuous, that is, if {p u ) u en converges to p in End(M)o, then the pairs 
{(p u , 4>pv)}uen converge to (p,(pp). In particular, p u (x) converges to p(x) strongly* 

as v — > 00 for all x e M . 

Proof. By the previous lemma, Up converges to Up. Then the same proof as 
(3)=K1) and (1)=K2) of Lemma EJ works. □ 

3.3. Dominant weights and canonical extensions 

In this subsection, we treat an infinite factor M. By the Takesaki duality, M 
is isomorphic to M R and M is regarded as the centralizer of a dominant 
weight on M. We will study the canonical extension and the restriction of an 
endomorphism on the centralizer of a dominant weight. 

Let p be a dominant weight on M. Then the covariant system {M, cr^} is 
dual, that is, there exists a one-parameter unitary group {v(t)} t eM. i n M such 
that af(v(t)) = e~ lst v(t). Using the action 6 t := Adv(t) on M v , we have the 
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natural isomorphism of the covariant systems {M, a v } = {M v xi^R, 6}. The dual 
action on M is denoted by for a while. 

Lemma 3.9. Let p £ End(M)o. T/ien there exists u £ U(M) such that 

(1) (<p, Adw o p) is an invariant pair in the sense of [T71 Definition 2.2], 

(2) up(v(t))u* = v(t). 

Proof. By pT8| Lemma 2.12 (ii)], we can take u £ U(M) satisfying (1). Replace p 
with Adu o p. Then erf op = po af by (13. ip . and the unitary := p(v(t))v(t)* 
is contained in M^. Then {w(t)} t is a #-cocycle. By using the stability of {M v , 8} 
Theorem III. 5.1 (ii)], there exists v £ U(M Lp ) such that w(t) = vQ t [y*\ Then 
(ip, Adu* o p) is an invariant pair, and v* p(v(t)))u = v(t). □ 

Replacing p with Adw o p, we assume that p satisfies the conditions in the 
above lemma. Now we discuss how the canonical extension p £ End(M) can 
be transformed to an endomorphism on M v . We let M act on a Hilbert space 

H. By the Takesaki duality, we have the isomorphism M — > M v B(L 2 (R)) 
satisfying xw(t)A v (t) h-> 7r e (x)(l <g> M^X 1 <E> ^(t)) for x £ M v and r. £ R, where 
vr e (x) £ M v ® L°°(R), fig(t) £ C <g> L(R) (the group von Neumann algebra of R) 
and v{t) £ C ® L°°(R) are defined by 

for all £ £ L 2 (R, #) and s,t £ R. 

Since p(xt>(t)A v (i)) = p(a;)f (t)A ¥ '(t) and (p (g) id) o it d = 7r e o p, pis transformed 
to p ® id £ End(M v ® 5(L 2 (R))) through the isomorphism. The dual action 

on M is given by 8 t ® Adpe(t) on ® £>(L 2 (R)). Hence we have the following 
isomorphism between the covariant systems with an endomorphism p: 

{M,e^,p} = {M^®B(L 2 (R)),9® Adp e ,p®id}, 

which means there exists an isomorphism G: M — > M v g) 5(L 2 (R)) such that 
o cT? s = (9 S <g> Ad /^(s)) o and o p = (p ® id) o for all s £ R. 

Lemma 3.10. Lei M, <p, {w(s)} se K and 6* 6e as before. Then for any p £ 
End(M) 0; there exists u £ M and an isomorphism ^ p : M — > M v such that 

(1) (<p, Adu o p) is an invariant pair, 

(2) up(v(s))u* = v{s), 

(3) is an isomorphism between the following covariant systems: 

^> p : {M,o^,p} -> {M v ,9, Ad uo p| M J. 

Proof. We may assume that (<p, p) is an invariant pair and p(v(s)) = v(s) for 
all s £ R as before. Since 6 is a dual action Theorem III. 5.1 (ii)], (M^) 6 
is isomorphic to M. Hence we can take an infinite dimensional Hilbert space 
% C {M v ) e with support 1. Let be an orthonormal basis of "K. Let 

ty,'- Pm(M v ) ® B{"K) — > M v be the isomorphism such that t^(p^(x) <g> = 
pji{ x )ii£,*j — ii x ^*j f° r a H x e anc ^ e ^- We define the unitary u = 
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Y^Li p{£i)£i- Then u E (M v ) 9 and u"K = p(3~C). We also define the isomorphism 
tf: B(L 2 (R)) -> 5(F) such that tf(ey) = where {e^}°° =1 is a system of 
matrix units of B(L 2 (R)). 

Now we introduce the isomorphism $: M v (g) 5(L 2 (IR)) — ■> M v defined by 

$: M v ® £?(L 2 (IR)) PM (M V ) ® £(1K) M„ ^ M„. 

Then we have $(x (g> e^) = up- K (x)^*u* = u^x^u* for all x E M v and i,j E N. 
We will check that 

$ o (0 a <g> id) o = 6» s , $ o (p ® id) o = Ad p(V) o p = p o Adw*. 
Indeed, for x E M v and i, j E N, we have 

$((0 S <g> id) (a: ® ey)) = $(0«(aO <g> ey) = u&9 s (x)£*u* = s «;x£>*) 
= 9„(&(x®e ij )), 

and 

$((p ® id) (a: <g> ey)) = $(p(x) <8> ey) = u&p(a:)£?u* = p(&z£*) 

= p(u*)p(i4ix£*u*)p(u) = p(u*)p($(x®eij))p(u). 

Set p(s) = $(1 (g> pe(s)). Since 1 <g> pe(s) is fixed by 9 ® id and p ® id, so is 
p(s) by 9 and Adp(w*) o p. Hence we have the following isomorphism between 
the covariant systems with endomorphisms: 

$ o : {M, p} _> {M^, o Adp, Adp(w*) o p| A/ J. 

The one-parameter unitary group {p(s)} se K is contained in M^, and this is a 
0-cocycle. By stability of 9 [3 Theorem III. 5.1 (ii)], there exists w E U{M ip ) such 
that p(s) = w9 s (w*) for all s E R. Then the equality Ad p(w*) o p(p(s)) = p(s) 
implies that w*p(u*w) E M®. Indeed using p(u) E M® and p o 9 S = 9 S o p, we 
have 

(w*p(u*w))*9 a (w*p(u*w)) = p(w*u)wfl s (w*)fl s (p(u*u;)) 

= P(w*)p(u)p(s)p(u*)9 s (p(w)) 

= p(w*)p(p(s))9 s (p(™)) 
= p(w*p(s)9 s (w)) = l. 

Now we have the following isomorphism: 

{M,a*,p} ^ {M^9oAdp,Adp(u*)op\ M J {M tp ,9,Ad(w*p(u*w))op\ Mip }. 

This is a desired one. Indeed, it is easy to see that (<p, Ad(w* p(u*w)) o p) is an 
invariant pair since w*p(u*w) E M®. Furthermore we have 

Ad(w* p(u*w))(p(v(s))) = w* p(u*w)v(s)p(w*u)w 

= v(s)9- s (w* p(u*w))p(w*u)w 
= v(s)w* p(u*w) p(w*u)w = v(s). 

□ 
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The following lemma is probably well-known by specialists, but we present a 
proof for readers' convenience. 

Lemma 3.11. Let M be an infinite factor and p £ End(M)o. Then there exists 
an isomorphism n : M®B(l2) - > M such that [p] = [7ro(p(g)id)o7r _1 ] mSect(M). 

Proof. Take an infinite dimensional Hilbert space "K in M with support 1. Let 
be an orthonormal basis of !K. Define the isomorphism t^: p^(M) ® 
B(K) -> M by t K (px(x) ® = p K (x)&^ = &x£j for x £ M and i, j £ N. 
Then the isomorphism ir: M®B(JH) — > M is defined by 7r = tjc (p^f®id). Define 
the unitary u = Y^Li £«P(0- By direct computation, we see that n o (p <g> id) o 
7r _1 (x) = AdMop(x) for all x £ M. Hence [no (p<g)id) ott -1 ] = [p] £ Sect(M). □ 

3.4. Connes-Takesaki modules and approximately inner endomor- 
phisms 

Let M be a factor and p £ End(M)o- Following [T7J Definition 4.1], we say that 
p has a Connes-Takesaki module if the canonical extension p satisfies p(Z(M)) = 
Z(M). We denote by mod(p) the restriction of p to Z(M) and by End(M)cT the 
set of endomorphisms with Connes-Takesaki modules. 

Let M be an infinite factor. Take a dominant weight <p on M and a one- 
parameter unitary group {v(t)} t £R such that af(v(t)) = e~ lst v{t) as before. Set 
6 S := K&v{s)\m v £ Aut(M^) as before. Taking Lemma 13. 101 into account, we also 
denote by the dual action a v on M. 

Lemma 3.12. Let M be a type III\ factor with < A < 1. Let p £ End(M) CT . 
Assume that there exists Sq £ R suc/j t/iat mod(p) = 6 S0 . Then for any generalized 
trace ip on M, there exists a unitary u £ M such that in the discrete decomposition 
M M c x n Z, 

(1) i) o A d«op = d(p)- l e- s °i), 

(2) Adu o p(£/) = U , where U is the unitary implementing a. 

Proof. By Lemma we may assume that (<p, p) is an invariant pair, p(v(s)) = 
v(s) for all s £ R and p|z(A/ V3 ) = #s - Since each generalized trace is unique up to 
scalar multiplications and inner perturbations, to achieve (1) for each generalized 
trace, it suffices to construct one generalized trace ip satisfying (1). 

We put T = — 27r/logA. Then = Adh tT for some invertible h £ Z(M ip ) + . 
Since a^(v(t)) = e~ ttT v(t), we have 9 t (h~ lT ) = e~ ttT h~ tT 1 We set ip := (ph- 1 - 
Then it is well-known that ip is a generalized trace. Indeed, it is trivial that if) 
has the period T. So, we have to check = ip(h~ l ) = oo, but it is also trivial 
since <p is a dual weight. Set w := v(s )*. Then Ad if o p = id on Z(M tp ), and 
Adu> o p(h) = h. Hence we have 

= (ipo(p p o Adw*) h -i = d(p)~ l (tp o Adv(s )) h -i 
= d(p)- 1 e- s ^ h -i=d(p)- 1 e- s ^. 
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Therefore, we may assume that p has the property ip o <f) p = d(p) l e s °tp. As is 
explained, we also may assume that ip is a given generalized trace. 

Now let M = M^, x CT Z be the discrete decomposition with the implementing 
unitary U. Since and p commutes, we see that p{U)U* is in M^. By stability 
of a = AdU\^ [7, Theorem III. 5.1 (i)], we can take a unitary u G M$ such that 
p(U)U* = u*a(u) = u*UuU*. Hence we have Adu o p(U) = U. Since u G M^, 
we have ip o (px&uop = d(p)~ 1 e~ s °ip. □ 

Lemma 3.13. Let M be a type IIIq factor. Let p G End(M)cr- Assume that 
there exists Sq G R such that mod(p) = 6 So . Then there exists ip G W\ ac (M) and 
ueU (M) such that 

(1) ip has infinite multiplicity, 

(2) tfj o <p AAuop = d{p)- l e- s <^, 

(3) Adwop| z(Mvi) = id. 

Proof. There exists u G U(M) satisfying Lemma \'S. 101 Replacing p with Ad mo p, 
we may assume that (<p, p) is an invariant pair, p(v(s)) = v(s) and p\z{M v ) = 
^soU(Af^)- By perturbing p to Adw(s )* o p again, we may and do assume that p 
satisfies <p o p = <i(p)~ 1 e _ ' So <p, p(t>(s)) = u(s) and p\z{M v ) = id. 

Take G Z(M ip )j r such that a normal semifinite weight x = <Ph is lacunary. 
Let e G Z(M lp ) be the support projection of h. Then x is faithful on eMe. Since 
p\z{M v ) — id, we have p(/i) = h and = (f) p (p(h)) = h. Then 

X o (p p = ip h o p = (<p o 0p) p ( A ) = d{p)~ 1 e' so (p h = d{p)" 1 e" s °x- 

Since eM^e C M x C eMe and M' flM = Z{M^) by Connes-Takesaki relative 
commutant theorem [7j Theorem II. 5.1], we have Z(M X ) C (eM^e)' fl eMe = 
Z(M^)e. Hence p\z{M x ) = id. 

Take an isometry w G M such that to' = e. Then the map n : M 3 
x i — > wxw* G eMe is an isomorphism. We set x' := X oir £ Wiac(M) and 
p' := 7T _1 o p o 7r G End(M)o- Then p' = id on Z(M X >). It is easy to see that 
v := w*p(w) G M is unitary, and p' = Adv o p. Hence </y = cj) p o Adt>* and 

x' o </y = (x ° Ad w) o (0 p o Ad v*) = x ° 4>p ° Ad p(w)p(w*)w 

= d(py l e- so x°Adp(e)w = <p)^ s »xo Ad«j = ^(p^e^V- 

Note that x' ma y n °t have infinite multiplicity. Consider the weight if}' : = 
X' <8> Tr and the endomorphism p' £g> id on M (g) B(t 2 ). Then by Lemma 13.111 
there exists an isomorphism tc' : M ® B(£ 2 ) M and a unitary u G U(M) such 
that Adw o p' = 7r' o (p' ® id) o 7r /_1 . Set ?/> := (x' <8> Tr) o 7r' _1 . Then this ?/> and 
u £ U (M) are desired ones. □ 

Let M = M^, xi o- Z be the discrete decomposition of M with the implementing 
unitary U. Then the same proof of [191 Lemma 2] works in our case, and we can 
take a unitary v G U(M^) with Admt o p(U) = U . Hence the following holds. 
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Lemma 3.14. Let M be a factor of type IIIq. Let p £ End(M) . Suppose that 
mod(p) = 6 S0 for some Sq £ R. Then there exist ip £ W\ ac {M) with infinite 
multiplicity and u £ U(M) such that 

(1) In the discrete decomposition M = M^,\J{U}" , we have Ad uop\ z ^ M ^ = id, 

(2) ip o <f) Aduop = d(p)- l e" so i), 

(3) KduopiU) = U. 

Now we prove the main result of this section. 

Theorem 3.15. Let M be a hyperfinite factor. Let p £ End(M)o and r > 0. 
Then the following conditions are equivalent: 

(1) p £ mt r (M) ; 

(2) p £ End(M) C T and mod(p) = 0i og (r /<*(/>)) ■ 

• Proof of (2)=>(1) in Theorem \3.15\ for type I factors. 

Assume that p £ End(M)cT = End(M) has the Connes-Takesaki module 
mod(p) = 0iog( r /d(/>)) ■ Since any endomorphism on M is inner, p £ Int<f( p )(M) and 
(hog(r/d(j>)) — id- The space of the flow of weights of a type I factor is isomorphic 
to R with the additive translation flow. Hence log(r/d(p)) = 0, and r = d(p). □ 

• Proof of (2)=r>(l) in Theorem \3. 15\ for the hyperfinite type II\ factor. 

Let t £ M* be the tracial state. Then the^canonical core M = M xi ct t R is 
naturally regarded as M® {A T (t)}f gR , and Z(M) = {A T (t)}^' eM . Hence p has the 
Connes-Takesaki module with mod(p) = 6\ og ^./ d ^ if and only if d(p) lt [Dr o (f> p : 
Dr\t = d{p) lt r~' lt for all t £ R. This implies r o cj) p = r~ X T, but r(l) = 1 yields 
that r must be equal to 1. Then r o <f) p = r. Since p preserves the tracial state r, 
we see that p is approximately inner of rank 1 by Lemma 12.141 □ 

• Proof of (2)=>(1) in Theorem \3.15\ for the hyperfinite type 11^ factor. 

Let r be the normal semifmite tracial weight on M. Then Z(M) = {A r (t)}^' gM , 
and r o cj) p = r~ l r holds. Then Lemma [2.151 implies that p £ Int r (M). □ 

• Proof of (2)^(1) in Theorem \3.15\ for the hyperfinite type factor. 

We make use of Popa's result on approximate innerness of hyperfinite subfac- 
tors of type IIIi . Since the flow of weights is trivial, End(M)o = End(M)cT and 
the modules of endomorphisms are trivial. Hence we have to prove End(M)o = 
Int r (M) for all r > 0. Let p £ End(M) . Take any pcb^i > with p + /^l = 1- 
Set r := pi/po- Consider the locally trivial subfactor j\K ld ' p ) C M^ d,p ^ with the 
expectation E^ '^. Then the subfactor is approximately inner by [291 Theorem 
2.9 (iv)]. We note that that Popa's result states for minimal expectations, but 
the same proof is applicable for general expectations because we can prove that 
the Jones projections given in his proof are contained in the centralizer of the 
given state. Hence p £ Int r (M) by Theorem 12.91 □ 

• Proof of (2)=>(1) in Theorem \3.15\ for hyperfinite type IIIq factors. 

We make use of the discrete decomposition of M to reduce the problem to that 
of a type II von Neumann algebra. By Lemma [3.141 for so = log(rd(p) _1 ), after 
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perturbing p by an inner automorphism, we may assume that there exists a lacu- 
nary weight ip on M with infinite multiplicity such that ip o <p p = d(p)~ 1 e' s °ip = 
r~ 1; ip, p\z(M^) = id and p{U) = U, where U is the implementing unitary in the 
discrete decomposition M = x CT Z. Since <p p : M — > M is the standard left 
inverse, we have Ad U o <p p = <fi p o Ad U on M by uniqueness. 

Set t := ip\ M ^, which is a faithful normal semifinite trace on the type II^ von 
Neumann algebra iV := M^. Lemma [2.161 shows that p\n is approximately inner 
of rank r with respect to p |at. Hence there exist partial isometries {t^}^ 1 , 
u E N, in N such that = S ifj l for 1 < i,j < [r], EEt\K)* = 1 and 

lim Hr -1 ^ • x — X ° 0p ' v i\\N t = for all \ £ N*. (3.4) 

v— +oo 

Since a o <p p = <p p o a on N, we also have 

lim ||r~V«) • x - X ° <P P ■ o"«)lk* = for all x G N*. 

This implies that {{v")*a{v %))„ and ((ff )*f J )« are central sequences in N. Recall 
the quotient map 7T W : N(T w ) — > A^\ We set the following elements: 

Then we have u*i>j = Moreover, is in A"^, and pi = 1 for 1 < i < [r] 

and P[ r ]+i is a projection in N u . On Wjj, we have the following relations: 

[r]+l [r]+l 

^ WijWkj = $ikPi, ^2 w jk w ji = S ik^(Pi) for all 1 < i, k < [r] + 1, (3.5) 

3=1 3=1 

and 

M+i 

t=l 

We will prove the following two claims. 
Claim 1. We can replace a sequence fe +1 )„ so that cy w {p^ + i) = P[ r ]+i- 

(Proof of Claim 1.) Consider the von Neumann algebra N u <g> B(C [r]+1 ). We set 
w := X^ r ]=L w ij® e ij an d P := Y^t^i Vi® e %%-i where {ejj}jjii is a system of matrix 
units of E(CM +1 ). The equality (E3D yields 

ww* = p, w*w = (cr^ ® id)(p). 

In particular, p and (cr^ <8> id)(p) are equivalent in N u (g> _B(C' r l +1 ). Since iV w ® 
S(C M+1 ) is finite, 1 - p = P[r]+i ® e M+ i )M+ i and 1 - (er w ® id)(p) = cr w (p[ r ] +1 ) <g> 
e^j+i^j+i are also equivalent in A"^ (g) £?(CM +1 ). Hence P[ r ]+i and ^(pu+j) are 
equivalent in A^. Take a unitary t> E A^ such that 0" w (p[r]+i) = f*p[ r ] + if. 

We note that the Z-action <j w on A^ is stable [T9l Lemma 4]. Hence we can take 
a unitary u E A^ such that v = ua w {u*). Then we have au(u*p[ r -\ + \u) = u*p[ r ] + i«. 
Let {u v ) v be a representing sequence of u such that u v is a unitary for all u EN. 
When we replace vY^ +l with v^ +1 u u and choose a subsequence of (u we 
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see that the new family {ff}^ U {v^ +1 u u } also satisfies the above conditions 
(1), (2), (3) and also a u (p[ r ] + i) = P[ r \+x- □ 

By using Claim 1, we assume that a w (p[ r ]+i) = P[ r ]+i- 
Claim 2. We can replace the sequences for 1 < i < [r] + 1 so that 

a(vi) — v i — > strongly* as v —>■ oo for all 1 < i < [r] + 1. 

(Proof of Claim 2.) Since ww* = p = (a w ® id)(p) = w*w, w is a unitary in 
p{N w <g> B(C^ +1 ))p. By our assumption, we can consider the reduced Z-action 
(cr u ® id) p . It is easy to see that (a u (g> id) p also has stability by using Rohlin 
towers in Z(N) as in the proof of [191 Lemma 3, 4]. Hence there exists a unitary 
fi G p(N^ ® 5(CM +1 ))p such that 

w = fifa® id) (fi*). (3.7) 

Now we set 

[r]+l 

Vi := v Mi e ^, (3.8) 
i=i 

where /Xj, is the (j, z)-entry of /x. Then we have 

[r]+l [r]+l 

= E viAviMj = e p-* kl p k ^kj 

k/=l k=l 

= {n*py)ij = (fi*n)ij = SijPi- 
Using (ETBj) . dSH) and we obtain 

[r] + l M+l 

° X "(^) = E a ^i V o) a ^{Ni) = E V k w kj<y^ji) 
j=l j,k=l 

[r]+l 

= 2J ^fci = ^i- (3-9) 
fe=l 

Now we take a representing sequence {p?) u GiV® S(C^ +1 ) of ji such that 

H 

GOV = J> ® e «) + ® c [r]+1|[r]+1 = ^vr ■ 

i=i 

Using (p?) v , we take a representing sequence (tJJ% of defined by 

[r]+l 

i=i 

for all 1 < i < [r] + 1 and 1/ e N. Then we have 

[r]+l M+l 

K)*^ = E (a*«)*«)*«w = Eo^m,- = %«)x> 
fc^=i fc=i 
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and for x G iV*, 

[r]+l 

lim Hr" 1 ^ • x ~ X ° P • WlU, < lim V ||r -1 (</x£) • x - X ° P • ||jv. 



3=1 



r]+l 



lim V ||r V • x • fij 



3=1 
[r]+l 

< lim V" ||r~V • X - X o • v v A\ N * = 0, 

3=1 

(3.10) 

where we have used (13.41) and ^((/i^)^) = G A^. Moreover cr^ivi) = Vi shows 
the following strong* convergence: 

lim a{v\) - v\ = 0. (3.11) 

V— *U) 

Therefore there exists a subsequence of (y\) u such that the above limits (13.101) 
and (13. lip are taken by v — > oo. This is a desired one in Claim 2. □ 
Let us take [v") v satisfying Claim 2. We show that 

lim llr" 1 ^ • X - X ° P • <|L, =0 for all 1 < i < [r] + 1, x G M*. (3.12) 

This implies that p G Int r (M). 

For fceZ, set a bounded linear map 5^ on M such that Sk{xU e ) = 5kexU e for 
all x G iV and I G Z. Since {x ° | X £ & G Z} is total in .\ /, . it suffices to 
prove (13 . 121) for x ° £k, X £ Af*. Let x G M and x = Xlfcgz be the (formal) 
expansion of x. Then 

(r -1 < • x o S k - x o £ fc o <f) p ■ v-)(x) =r" 1 x(S k (xVi)) - x(£k(<f> P ( v i x ))) 

= r- l X {x k a\v:)U k ) - x(0 P «x fc )f/ fc ) 

= (r"V fc «) • (f/ fc x) " (U k X ) o <j> p ■ v»){x k ). 

Since < ||x||, we have 

||r-y.x°£k-x°Wp-<lk < ||r-VK).(Z7 fc x)k-(E/*x)k°0p-<IU.. 
Since c fc (f^) — t> f — > strongly* as f — ► oo, we have 
lim ||r _1 < • x o £fc - X ° £fc ° <fr P • <||m. 

f— »00 



< lim ||r-V fc «) • ([/ fe x)U - (f/ fc x)|v o P • <|k 

< lim" ||r-V fc «) • ([/ fc x)U - • (£/*x)Ulk 

" ' ->oo 

+ m ||r-y • (U k X )\ N - (U k X )\ N o P • <ik = 0. 



|| 7 

^— »oo 

u—*oo 

This shows fl3TT2j) . □ 
• Proof of (2)=>(1) in Theorem \3.15\ for the hyperfinite type III\ factor with 
< A < 1. 
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We prove p G Int r (M) along with the proof of type IIIo case by using Lemma 
13.121 Let if) be a generalized trace and M = M$ xi a Z the discrete decomposition. 
Then the Z-action on (M^) w is stable [H Theorem 2.1.3]. Here we note that a 
is centrally free, i.e., a n G Cnt(M^) if and only if n = 0, which follows from the 
fact that Cnt(M^) = Int(M^) [U Lemma 5]. So, Claim 1 still holds. Since any 
reduction of outer automorphism on a factor is still outer, Claim 2 also holds. 
Thus we can prove that p G Int r (M) as in type IIIo case. □ 

Therefore we have proved the implication (2)=>(1) in Theorem 13.151 
• Proof of (1 )=> (2) in Theorem Iff, i 51 

First we assume r G N. Take r-dimensional Hilbert spaces "H" C M with 
support 1 for u G N, such that pw converges to p as v — ► oo. Recall that the 
normalized canonical extension is continuous by Theorem 13.81 Hence pw P 
implies log(d{pxl/)) (pw(x)) -> 9 log{d[p)) (p(x)) strongly* as v -> oo for all x G M. 
Using rf(p^) = r and Pm"Iz(m) = id ' we have ^°s{d{p))P\z(M) = ^ogr- Tnis shows 
that p has the Connes-Takesaki module mod(p) = 0i og ( r /d(p)) ■ 

Next we treat a general case. Let r > 0. Take s£l such that e s r G N. Since 
mod: Aut(M) -> Aut fl (Z(M)) is surjective [EU [32], there exists a G Aut(M) 
such that a = 9 S on Z(M). By using (2)=>(1) of Theorem I3.15| which we have 
already proved, we see that a G Int e s(M). Then aop g Int e s r (M) by Lemma r2.12l 
Since e s r G N, ap has the Connes-Takesaki module and mod(ap) = 0i og (e s r/<i(/>)) 
on Z(M). This also shows that p has a Connes-Takesaki module, and 

mod(p) = mod(a _1 ) mod(ap) = 5" 1 o 9i og ( e s r/d{p)) = 6L S o G^gO*,-/^)) 



log(r/d(p)) • 



□ 



Corollary 3.16. Lei M be a hyperfinite factor and r, s 
(1) When M is of type I, then 



> 0. 



End(M) = |J M n (M). 



(2) When M is of type II\ with the tracial state r, then 



Inti(M) 
5t r (M) 



{p G End(M) | t o p 
i/r ^ 1. 



(3) When M is of type II C 



oo 



with the trace r, then 



Int r (M) = {p G End(M) | r o p 
(4) IWien M o/ type then 




End(M) = Int r (M). 
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(5) When M is of type III\ with < A < 1 with the generalized trace <p ; then 
Et r (M) = {p G End(M) | (p o <p p = r~V °Ad« for some u G U(M)} 

= Int r A"(M) for all n G Z, 
Et r (M) n Et s (M) = i/ s ^ rA n /or all n e Z 

(6) Mien M zs o/ type III , 

IHt r (M) n 5t a (M) =$ ifr^s. 

In the next section, we study a relation between centrally trivial endomor- 
phisms and modular endomorphisms [17] Definition 3.1]. Note that the statistical 
dimension of a modular endomorphism is an integer. 

Corollary 3.17. Let M be a hyperfinite factor and p a modular endomorphism 
onM. Then p G M d(p) (M). 

Proof. Since p is inner, mod(p) = id = 9\ os (d(p)/d(p))- By Theorem 13.151 we see 
that p G Et d (p)(Af). □ 

For conjugation of an endomorphism, a rank of approximate innerness behaves 
as follows. It seems that the assumption on hyperfiniteness is unnecessary, but 
we have no proof so far. 

Corollary 3.18 (Conjugation rule). Let M be a hyperfinite infinite factor and 
p G Int r (M) for some r > 0. Then p G Int r -id( j0 )2(M). In particular, pp G 
M d(p) 2(M). 

Proof. By Theorem 13 .15^ we have mod(p) = 6\ os { r /d{p))i an d 

mod(p) = mod(p) -1 = 9-i og (r/d(p)) = 0\og(d( P )/r) = 6\og(d( P ) 2 /rd{p)) ■ 

Hence p G Int^( p )2/ r (M) again by Theorem 13.151 Then Lemma [2.121 implies that 
ppGM d(p)2 (M). □ 

4. Centrally trivial endomorphisms 

4.1. Centrally trivial endomorphisms 

Let M be a factor and p G End(M)o- As is shown in [241 Lemma 3.3], we can 
define p u G End(M w ) by 

p w (U(x*%)) = *u{(p(x v ))») f or all {x") v G N(T w (Af)). 
The map End(M)o 9 p i— > p w G End(M w ) is a semigroup homomorphism. 

Definition 4.1. Let M be a factor and p G End(M) . We say that p is centrally 
trivial if and only if p w = id on M w . 

We only consider centrally trivial endomorphisms with finite index. However, 
we should mention that it can be defined for an endomorphism with infinite in- 
dex if this has a left inverse. We denote by Cnd(M) the set of centrally trivial 
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endomorphisms on M. Since Int(M) C Cnd(M), the central triviality is a prop- 
erty for sectors. We show that the set Cnd(M) is closed under the composition, 
decomposition, direct sum and conjugation when M is infinite. 

Definition 4.2. Let iV C M be an inclusion of factors. 

(1) G^(M,N) := {{x v ) v G £°°(N, N) | lim || [ip, x v \ || = 0, </? G M*}. 

(2) C^M,N) := ^(M^/T^AT). 

If N = M, then it is obvious that C U {M, M) — M u . 

Lemma 4.3. Let N C M be an inclusion of factors with finite index. Let M D 
N ^ Ni be a downward basic construction with respect to the minimal expectation 
E:M^N. ThenC u (M,N)=C u (M,Ni). 

Proof. Let (x u ) u G G W (M,N), E\ be the minimal expectation from N onto Ni, 
and e G M the Jones projection for N% C N. Then ex u e— x v e = [e, x u ]e converges 
to CT-strongly*. Since ex v e = E x (x v )e and E(e) = [M : N]q \ {E x (x v ) - x u ) u 
converges to strongly*. Hence any element in C UJ (M,N) is represented by an 
element in G U (M, Nx). □ 

Lemma 4.4. Let p G Cnd(M). Then C w (M,p(M)) = M w holds. 

Proof. Let (p(x u )) u G e u (M,p(M)). Since <p p preserves M m (x u ) u = (<p p (p(x u ))) u 
is an w-centralizing sequence of M. The central triviality of p implies that (p(x u )) u 
and [x v ) v are equivalent. Hence C u (M,p(M)) C M w holds. Since = p^i^M^), 
M„ C C u {M,p{M)) follows. □ 

Lemma 4.5. Assume that M is an infinite factor. Let p G Cnd(M). T/ien one 
has p G Cnd(M). 

Proo/. First we show pp G Cnd(M). By Lemma [473] and ECU C(M,pp(M)) = 
C(M,p(M)) = M u . This implies that for any (x u ) u G e w (M,Af), there exists 
(y% G £°°(N,M) such that x v - pp{y u ) -> strongly* as i/ -> w. Take an 
isometry u G (id, pp). Then v*x u v—v* pp(y u )v —>■ as z/ — > u. Here f *x !/ f — x u — > 
as v — > uj and v*pp(y u )v = y u . This yields that x v — y v — > 0, and pp(x u ) —x u ^0 
strongly* as v — > uj. Hence pp G Cnd(M). 

Second we show that p G Cnd(M). Since p, pp G Cnd(M), p(x v ) — pp(x u ) — > 
strongly* as v — > uj. Applying <p p to p(x u ) — pp(x u ), we get the conclusion. □ 

Theorem 4.6. Assume that M is an infinite factor. Then the subset Cnd(M) C 
End(M) is closed under the composition, decomposition, direct sum and conju- 
gation. Namely one has the following: 

(1) // p,o G Cnd(M), then pa G Cnd(M). 

(2) If pe End(M) , a G Cnd(M) and p -< o , then p G Cnd(M). 

(3) Ifp,a G Cnd(M) ; then p © a G Cnd(M). 

(4) If pe Cnd(M) ; then p G Cnd(M). 

Proof. (1) It is trivial because (pcr) w = p u a^ = id on M w . 
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(2) Let w G (p, a) be an isometry. Since w G (p w , cr w ), we have for x G M u , 

wp^i^x) = a u> (x)w = xw = wx. 
Hence p u '(x) = w*wp UJ (x) = w*wx = x. 

(3) Let v, w G M be isometries with vv* + to* = 1. We set 9{x) := vp(x)v* + 
wa(x)w* for x G M. Then for x G M U) we have 

6 u (x) = vp u (x)v* + wa w (x)w* = vxv* + wxw* = (vv* + ww*)x = x. 

Hence p © a G Cnd(M). 

(4) It has been proved in the previous lemma. □ 

Connes showed that any centrally trivial automorphism commutes with any 
approximately inner automorphism up to inner automorphism [5], Lemma 2.2.2]. 
We generalize this to the case of endomorphisms as follows. 

Lemma 4.7. Let M be a factor, p G Cnd(M) and 9 G Et(M). Then 9 and p 
commute up to inner automorphism, that is, [6 o p o 9~ l ] = [p] in Sect(M). 

Proof. Let <po be a faithful normal state on p(M), and set (p := <po ° E p . Let 
{V n } nS N be a fundamental system of the neighborhood of id in Aut(M) such 
that for any u G U(M) with Adu G V n , we have 

\\p(u) - mH^-i < 2~ n , - uHpopofl-io^ < 2~ n . 

If /?„ converges to # in Aut(M), then p o (3 n o p~ l converges to p o 9 o p -1 in 
Aut (p(M)). So we can choose a monotone decreasing system of the neighborhood 
of 9 denoted by W n such that W^W" 1 C V n and for (3 G W n , we have 

H^o/T 1 — v9 o 6» _1 || < 2"", (((poopo/^-^p-^^oopo^-^p- 1 !! < 2~ n . 
Since <po = <P on p(M), we get 

||<popo/3 -1 o0 p — <popo# _1 o0 p || = ||(popo/? _1 op _1 oi^ p — <popo0 _1 op _1 o£' p || < 2~ n . 

Let 6 1 = lim Adw n with Adw„ G W n . Set v n := u n+ iu*. Then we 
see that Adt>„ G Wn+iW"^ C V n . Hence ||p(f„) — VnW^g-i < 2~ n and 

|| PK) - Wn|Upo0-io«£ p < 2~ n . 

Now we prove u* n p(u n ) converges in U(M). We have 
IIpK+iK+i - p(u* n )u n \\l = \\p{u* n v* n )v n u n - piu* n )u n \\l = \\p(v*)v n - l\\l oAd< 

< 2\\<p o Ad< - <p o r 1 !) + \\ P K)vn - i||J ofl -i 

<2 1 -"+||t;„-pK)||^_ 1 <2 1 -" + 4-" 
<2 2_ri , 
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and 



IR+lPK+l) - KpMWI = \\u* n V*p(v n U n ) - U* n p{u n )\\l = \\v*p(v n ) - l||J oA dp«) 

< 2||<p o Ad p(u* n ) — if o p o 6> _1 o p || 

+ \\ V nP( V n) — M\ipopoe- 1 o<f> p 

< 2 l ~ n + 4" n 
<2 2 ~ n , 

where we have used 

<p o Ad p(u* n ) = <p o Ad p(n* ) o E p = <p o p o Ad u* n o p . 
Hence the strong* limit w := lim u^p(u n ) G £7 (M) exists, and we have 9~ 1 opo9 = 
lim Adw*p(u n )p = Adu> o p. □ 

n^oo 

Let M be a McDuff factor, i.e., the von Neumann algebra is of type Hi. 
When a is a centrally trivial automorphism of M, we know that a is outer 
conjugate to a © id# , where i? denotes the hyperfmite type Hi factor. This 
property also holds for centrally trivial endomorphisms. 

Proposition 4.8. Let M be an infinite McDuff' factor and p G Cnd(M). Then 
there exists an isomorphism 9: M © Rq —>■ M such that [p] = [9 o (p©idi? ) o^ 1 ] 
in Sect(M). 

Proof. If [p] = [id], then the proposition is trivial. We assume that [p] ^ [id]. 
Take a G End(M) such that [a] = [id] © [p] © [p]. Then a is centrally trivial by 
Theorem 14. 61 Hence C(M, a(M)) = holds by Lemma 14^41 Since is of type 
II X , a(M) C M is relatively McDuff in the sense of Bisch [1]. Thus er(Af) C M is 
isomorphic to (cr © id# )(M © i?o) C M © i? - Hence we can find isomorphisms 
#i and 9 2 from M onto M © Rq such that 9\ o a = (a © id^) o 2 - So, 

[fl^ 1 ] © 2[0! o p o 0" 1 ] = [fl^ 1 ] = [a © id flo ] = [id © id Ro ] © 2[p © id^J 

holds. By comparing irreducible components, we have [^i^ 1 ] = [id ® id^], and 
[^opo^ 1 ] = [p©id Ro ]. ' " □ 

Combining Lemma 13.111 with Proposition 14.81 we have the following result, 
where i?o,i denotes the hyperfmite type IL^ factor. 

Proposition 4.9. Let M be an infinite McDuff' factor and p G Cnd(M). Then 
there exists an isomorphism 9: M © i? ,i — > M such that [p] = [9 o (p © id) o 9~ l ] 
znSect(M). 

4.2. Modular endomorphisms 

Let M be a factor and p G End(M) . We say that p is a modular endomorphism 
when the canonical extension p is inner, that is, there exists a finite dimensional 
Hilbert space in M which implements p [T7J Definition 3.1]. By End(M) m and 
Sect(M) m , we denote the sets of modular endomorphisms on M and sectors of 
modular endomorphisms, respectively. We also denote by End(M) miirr the set of 
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irreducible modular endomorphisms on M. Then End(M) m is closed under the 
composition, decomposition, direct sum and conjugation. 

In type III case, Izumi characterizes modular endomorphisms in terms of [/(re- 
valued cohomology classes H l (F M , U(n)) with respect to the flow of weights F M 
[T7t Theorem 3.3]. We complement his result for each type. 

Lemma 4.10. Let M be a factor. Then the following statements hold. 

(1) When M is of type II U End(M) m = Int(M). 

(2) When M is of type 11^, End(M) mjirr = Int(M). 

(3) When M is of type III X (0 < A < 1), 

End(M) m , irr = {Ad it o a? | u G U(M), ip G W(M), t G R}. 

(4) When M is of type III Q , 

End(M) m = {p G End(M) | 8 m ([p\) G H 1 (F M ,U(n)) J n G N}, 
where 5 m is a bijection from Sect(M) m onto i/ 1 (F M , U{n)) introduced 

neN 

in [13 p.10]. 

Proof. (3) and (4) is already proved [TTl Theorem 3.3]. 

(1) Let r be the normal tracial state on M. Then the natural isomorphism 
LT T : M — > M x CT r R maps x G M to x ® 1. Let p G End(M) m . Take {Vi}f =1 C M 
be an implementing orthonormal system of p. Then for x G M, (p(x) <8> l)Vj = 
p(x <S> l)Vi = Vi(x ® 1). This implies that (id, p) ^ 0. Since M is finite, (id, p) 
contains a unitary, and p is an inner automorphism. 

(2) The above proof for p G End(M) mj ; rr also works in this case. □ 
Lemma 4.11. Let M be a factor. Then End(M) m C Cnd(M). 

Proof. Let p G End(M) m and ip G W(M). We identify M with M >v R. Let 
(x u ) u be an cu-centralizing sequence in M. We will show that p{x v ) — x u — > 
strongly* as v — > uj. 

Note that 7t> (x") - x v ® 1 -> strongly as t> -> in M(g)5(L 2 (R)). It suffices 
to show || - i" <g> 1)(£ ® /)|| -»• for all f G L 2 (M) and / G L 2 (R) with 
compact support. It is checked as follows: 

/oo 
\f{s)\ 2 \\{at s {x v )-x v )ifds 
-oo 

^ as v —>■ u, 

since \\(o~t_ s (x u ) — x u )£,\\ uniformly converges to on the compact support of / as 
v — > uj by [3l Proposition 2.3 (1)]. Similarly we can prove ^^((a^)*) — (x")*(g>i — > 
0. Hence 7i a ^(x u ) — x v <g> 1 — * strongly* as z/ — > uj. In particular, (71^(2;^))^ is 
an ^-centralizing sequence in M ® 5(L 2 (R)). Since p is inner, p acts trivially on 

cu-centralizing sequences of M. Thus ii^(p(x u )) — 7T^(x u ) = p(ii^(x u )) — n^(x u ) 
converges to strongly* as v — > uj. □ 

Our main result in this section is the following. 
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Theorem 4.12. Let M be a hyperfinite factor. Then one has 



End(M) m = Cnd(M). 

We present a proof separately for hyperfinite factors of type I, Hi, Hoc, IIIi, 
IIIa (0 < A < 1) and III . We denote by Cnd(M) irr the set of endomorphisms on 
M which are with finite index, centrally trivial and irreducible. By Theorem 14.61 
and Lemma [4. 11[ it suffices to show that Cnd(M) irr C End(M) m . 

4.3. Semifinite case 

• Proof of Theorem \4-l£\ for a hyperfinite type I factor. 



It is trivial because every endomorphism on M is inner. □ 



• Proof of Theorem \4-12\ for the hyperfinite type 11^ factor. 

Let M be the hyperfinite type 11^ factor. We show that Cnd(M) irr C Int(M). 
Let p G Cnd(M) irr . We may assume p is of the form p(g)id# A by Proposition 14.91 
If a is a flip automorphism of i?o,i <8> Ro,i, then a is approximately inner. Hence 
[a o (p (g) idij 01 ) o a -1 ] = [p <g> idi? 01 ] by Theorem 14.61 and Lemma |4~T1 Then, 

[p ® p] = l(p ® id /?o,i) ° ° ° (P ® id «o,i) ° a ~ X \ 
= [(p®id ROil ) o (p®idfl 01 )] 
= [pp ®id Rlhl ] 
y [id Ro i QidRoJ. 

Since p is irreducible, p is an inner automorphism. □ 

• Proof of Theorem \4-l£\ for the hyperfinite type II\ factor. 

Let M be the hyperfinite type Hi factor. We show that Cnd(M) = Int(M). 
Let p G Cnd(M). On the type 11^ factor N = M ® B(l 2 ), we define the 
endomorphism a := p ® id. We claim that a is centrally trivial. 

If not, there exists x G N u such that a(x) ^ x. Let {pi}fi 1 be a partition of 
unity in Bfa) which consists of minimal projections. Then there exists % > 1 such 
that a^(x){l ®Pi) 7^ x(l (8) Pi). Since x(l ®Pi) = (1 ®Pi)x and cr(l ®Pi) = 1 ®Pi, 
we have cr w ((l ®p%)x(l <%>Pi)) ^ (1 <8>Pi)x(l ®pt). Let (x^)^ be an cu-centralizing 
sequence for x. For each v G N, we take y u <E M such that (1 (g> p i )x I/ (l (g> p,) = 
y u ® pj. Then (y^),, is an cu-centralizing sequence in M. Indeed, for <p G M*, 
■0 = p^Pi e B(£ 2 )* and z G M, we have 

V>(Pi)fol/1(*) =[v?®^,2/"®Pi](«® 1) 

= [<p <g> -0, (1 ® Pi)^(l ® Pi)](« <g> 1) 

= [^®^,x !y ](2;® 1), 

and |'0(pj)l||[ ( AZ/ I 1ll < II [v 9 ® V*) ^lll- Hence (y u ) u is (^-centralizing. 

Then ^((l ® pi)x(l ® Pi)) is represented by a(y v Cg>Pi) = p(^) ®Pi which is 
equivalent to y v ® Pi because p is centrally trivial. This is a contradiction with 
^((1 <g> p,-)x(l g> ^)) ^ (1 <g> Pi)x(l ® p^. 
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Hence p®id is centrally trivial, and inner by the above result on the hyperfinite 
type IIqo factor. This implies (id, p) 7^ 0. Since M is finite, (id, p) contains a 
unitary. Therefore p is an inner automorphism. □ 

For type III cases, we prove Theorem 14.121 in the following subsections. 

4.4. Type IIIi case 

Central freeness for subfactors is introduced by Popa [29, Definition 3.1]. Fol- 
lowing this notion, we prepare the notion of central non-triviality for subfactors. 

Definition 4.13. Let iV C M be an inclusion of factors. Assume that there 
exists a faithful normal conditional expectation from M onto N. We say that 
JVcMis centrally non-trivial when the following condition is satisfied: for any 
e > and any finite subset T C M*, there exists a partition of unity {qj)^ =1 in 
N such that 



M 

NV(N'nM) 



< e for all ip G J 7 , 



where E^ v , N , nM , * s ^ ne un iQ ue faithful normal conditional expectation from M 
onto NV (N'nM). 

By definition, the central non-triviality is a condition that is independent of 
the choice of a particular conditional expectation from M onto N. The following 
lemma is proved in the same way as [291 Proposition 3.2]. 

Lemma 4.14. Let N C M be an inclusion of factors. Let be a faithful 
normal conditional expectation from M onto N . Fix a faithful normal state ip on 
N . Then the following statements are equivalent: 

(1) N C M is centrally non-trivial. 

(2) For any 5, e > 0, any finite set 5F C N*, any finite family (xi) 1 ?L 1 in the 
unit ball of M , there exists a partition of unity (qjj)*- =1 in N such that 
t < (io 4 ^- 1 ) 6 ™ 1 ^- 1 and 



QjHj - i> 



(b) 



t 



< 5 for all ip E3, 



M (t- 



< e for all 1 < i < m. 



Lemma 4.15. Let M be an infinite factor. Let p e Cnd(M)i rr be non-inner. Set 
the endomorphism o := id ©p. Then the inclusion a(M) C M is not centrally 
non-trivial. 

Proof. Suppose that a(M) C M is centrally non-trivial. Then the locally triv- 
ial subfactor iV"( id ^ C is centrally non-trivial because this inclusion is 
isomorphic to o~(M) C M. Since p is non-inner, 



N {id ' p) V [(N {id ' p) )' n M (id,p) ) 



{x ® e 00 + p(y) 
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e n I x,y e M}. 



This shows that the matrix unit 1 <S> eoi £ M^ d ' p ' is orthogonal to N^ ld ' p ^ V 
(jV^^ynM^. Recall the embedding a (id ' p) : M M( id '^ and the conditional 
expectation E := £ (1/2 ' 1/2) as defined in $Ll Let 1/ G N and < e < l/y/2. Let 
{"5v}T=i be an increasing finite subsets of M* whose union is norm-dense. Then 
by central non-triviality, for each v G N, there exists a partition of unity (gj)* =1 

in M, with t < (10 4 e _1 ) 61osE ~\ such that \\[<^,x]\\ < 2/f for aU 1 < j < t, x e 
and 

t 

£ > % 



.7=1 .7=1 



i=i j'= 
where ^ is a fixed faithful state in M*. Since (gj)^ is centralizing, p(gj ) — — ► 
strongly* as z/ — > Then we have 

> e > lim -Ul y^Q"p(q") = hm^||VV|| = 

This is a contradiction. □ 

Next we recall the following result [TBI Theorem 3.5]. 

Theorem 4.16 (Izumi). Let M be a type IIIi factor and a G End(M)o. Then 
the following conditions are equivalent: 

(1) a(M)' PI M = a(M)' n M. 

(2) [era] does not contain an outer modular automorphism. 

Consider the following towers: 

C = M' n M C a(M)' n M C o-a(M)' D M C • • • , 

C = M' n M C a(M)' n M C ad(M)' n M C ■ ■ • , 

We say that the graph change occurs at the stage n if the n-th algebras (C is the 
Oth algebra) do not coincide. The following lemma is a direct consequence of the 
previous theorem. 

Lemma 4.17. Let M be a type IIIi factor and a G End(M)o Then the graph 
change of a(M) C M occurs at the stage n > if and only if [{o~a) n } contains an 
outer modular automorphism. 

The following theorem proved by Popa [23 Theorem 3.5 (ii), Corollary 4.4] is 
our key to characterize centrally trivial endomorphisms on the hyperfinite type 
IIIi factor. We note that Popa's theorem is proved for centrally free subfactors, 
but his proof still works for centrally non-trivial subfactors without any change. 

Theorem 4.18 (Popa). Let M be the hyperfinite type IIIi factor and o G 
End(M) . Let o(M) C M C M x C • • • be the basic extension. Let n G N. 
Then the following statements are equivalent. 

(1) The n-th subf actor M C M n is centrally non-trivial. 

(2) The graph change does not occur at the stage less than or equal to n. 
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(3) The sector [{o~a) n } does not contain an outer modular automorphism. 

Corollary 4.19. Let M be the hyperfinite type IIIi factor and p G Cnd(M) irr . 
Then either the following (1) or (2) occurs: 

(1) [ p ] = [of] for some t G R. 

(2) [pp] contains an outer modular automorphism. 

Proof. If p is inner, (1) follows. We consider the case that p is not inner. We set 
cr := id ©p. Then a is also centrally trivial by Theorem 14.61 By Lemma r4.15[ the 
inclusion a(M) C M is not centrally non-trivial. Since the inclusion a(M) C M 
is isomorphic to M C M\, the graph change occurs at the 1st stage by Theorem 
14.181 Hence era contains an outer modular automorphism by Lemma T4. 171 Using 
[aa] = [id] © [p] © [p] © [pp], we see that one of [p], [p] and [pp] contain an outer 
modular automorphism. □ 



Proof of Theorem \4-12\ for the hyperfinite type factor. 



It suffices to prove Cnd(M) irr C End(M) m as before. Let p G Cnd(M) irr . We 
show that the condition (2) in Corollary 14. 19l does not occur. Since p is irreducible, 
af -< pp if and only if [p] = [afp] in Sect(M). We set H := {t G R | [p] = [afp]}. 
Then if is a subgroup of R. Hence t E H implies <r^ f -< pp for all jigI Since 
M is of type IIIi and pp has finite index, this is possible only in the case t — 0, 
that is, the condition (1) in Corollary 14.191 holds. Hence p G End(M) m . □ 

4.5. Type III A case (0 < A < 1) 

Lemma 4.20. Let M be a McDuff factor of type < A < 1, and p G 
Cnd(M). Then for any a G Aut(M), [ap] = [pa] in Sect(M). 

Proof. Since p is centrally trivial, there exists an isomorphism ty: M — > M©i? ,i 
such that [p] = [^ _1 o (p © idfl 01 ) o vp] in Sect(M) by Proposition S21 Take 
^ G Aut(i? ,i) with mod(6 l M ) = p > 0. Define the automorphism = ^Z^ 1 o 
(id ©6» M ) o ^ g Aut(M). Then we have [paj = [^ _1 o (p © 6» M ) o = [a^p]. Note 
that mod(a M ) = p holds. 

Let a G Aut(M). Then there exists p > such that mod(a) = mod(a /1 ). We 
set P := aa' 1 . Since mod(/3) = 1, j3 is approximately inner [TS], Theorem 1 (1)]. 
Hence we have [p/3] = [Pp] by Lemma [4.71 Then, 

[pa] = [pPa^] = \pp\[aj[ = \pp][a^ = [P][pa^\ = \p][a^p] = [fia^p] = [ap]. 

□ 

Let R be the hyperfinite type IIIi factor and <p a dominant weight. Then 
M = R x\ a v Z is a hyperfinite type IIIa factor with T = log A. Denote the 

implementing unitary of by U. Let 9: T = R/[0, 1) — > Aut(M) be the dual 
action of cr^ and — (p the dual weight of (p. Then <j% = Ad U holds. 

Lemma 4.21. One has R^ C via the embedding R C M. 
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Proof. Let x £ R* De a faithful state and x the dual state. Let Eg : M — > R be 
the expectation obtained by averaging the T-action 6 1 . Then for any x £ -R and 
y £ M, we have = This shows that ||[x,x]|| < Let 

(x u ) u be an cj-centralizing sequence in R. Then we have [x,x] — > as z/ — > tu. 

Since x is faithful, a set {x • (af/ 71 ) | a £ i?, nfZ} spans a norm dense subset 
in M*. To prove (x v ) u is an (^-centralizing sequence in M, it suffices to show that 
[aU n , x u \ — > strongly* for any a £ R and iigZ. We have 

[al/V] = [a,x"]tr + a[f/ n ,x"] 

= [a, a^]f/ n + a{a*(x v ) - x v )U n . 

Since (x 1 ")^ is an cj-centralizing sequence in R and G Cnt(i2), the both terms 
converge to strongly* as v — > u;. □ 

Lemma 4.22. One /ias P ^ Int(M) /or aZZ p £ T \ {0}. In particular, 9 P ^ 
Cnt(M) /or atfp £ T\ {0}. 

Proof. It is well known that 9 faithfully acts on the flow of weights of M. Hence 
6 P is not in Int(M) for p ^ 0. □ 

Now let p £ Cnd(M) irr . For p £ T, [B p p] = [p6 p ] holds from Lemma QB 
Hence there uniquely exists a p £ Int(M) such that 

6 p p = a p p6 p . 

Let {<y9 n }^ =1 be a norm dense sequence in the set of normal states on M. We 
prepare a function 5 P : Aut(M) x Aut(M) — > [0, +oo) defined by 



S p {a,/3) = ^r^\\p n o<j) p oa 1 - (p n o(f) p o (3 

n=l 

Then 5 P defines a metric on Int(M). Indeed, if a,/3 £ Int(M) satisfies 8 p (a,f3) = 
0, then ap = Pp. Take w £ U(M) such that = Adw. Then Adw o p = p, 

and io £ p(M)' n M = C. Hence a = (3. We call that topology the <5 p -topology. 

Lemma 4.23. T/ie map a: T — > Int(M) zs continuous with respect to the dp- 
topology. 

Proof. Note that 9 P o (p p o 0~ 1 = e -i = 0q, pP = 4> p ° a' 1 . Then the statement 
is trivial because the map T 9 p h p ^ o a~ 1 = x ° 9 P ° <fip ° @ p 1 £ ^* is 
norm-continuous for any x £ M*. □ 

Lemma 4.24. There exists w £ U(M) such that 

9 P o (Ad w o p) = (Ad w o p) o 6 p 

holds for all p £ T. 

Proof. Let U(M)/U(C) be the quotient Polish group. We have a bijective map 
Ad: U(M)/U(C) -> Int(M) such that Ad([«]) = Adn for [it] £ U(M)/U(C), 
u £ U(M). The map is continuous with respect to the ^-topology. By [311 

Corollary A. 10], the inverse map Ad" 1 is Borel. Let s: U(M)/U(C) -> U(M) 
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be a Borel cross section. We set v p := s(Ad (at p ))* G U{M). Then the map 
v. T — ► U(M) is Borel and satisfies 

p p = Ad v* o p9 p for all pel 
Now we set := v p 9 p {v q )v* + for p,gGl Then for any x G M, 

p m p{x)p* q = v p 9 p (v q )v* +q p{x)v p+q 9 p {v*)v* 

= v p 9 p {v q )9 p+q (p(9^ g (x)))9 p (v*)v* 
= v p e p (v q 9 q (p(9- p -g(x)))v*)v* 
= v p 9 p (p(9_ p {x)))v* = p{x). 

Hence p p<q G p{M)' fl M = C. It is easy to see that p satisfies 

Pp,qPp+q,r Pq,rPp,q+ri pp,0 1 P0,p m 

Hence /i: T x T ^ C is a 2-cocycle. By triviality of H 2 {T,U(C)) (see [2U 
Proposition 2.1]), there exists a Borel map A: T — > U(C) such that 

pp,q = ^p^q^p+q 

holds for (p, q) G T x T in the outside of a null set iV C T x T with respect to 
the Haar measure. We set v p := X*v p for pel Then the map v: T — > U(M) is 
Borel and satisfies p p = Adv* o p9 p for every p G T and 

v p 9p(v p ) = v p+q for all (p, g) G T x T \ N. 

Hence v satisfies a 1-cocycle relation almost everywhere, and it coincides with 
a 1-cocycle v' almost everywhere (see [3 Remark III. 1.9] and [2Z])- Since 9 is a 
minimal action of the compact group T and M e = R is purely infinite, 9 is stable 
(see [T7, Propostion 5.2]). Hence there exists w G U(M) such that v' p = w*9 p (w) 
holds for almost every p G T, and 

9 P o (Ad w o p) = (Ad w o p) o 9 P 

holds for almost every p G T. By continuity of 9, it holds for every pel □ 

• Proof of Theorem \4-lS\ for the hyperfinite type III\ factor (0 < A < 1). 

It suffices to prove Cnd(M) irr C End(M) m as before. Let p G Cnd(M) irr . By 
Lemma [4.241 we may and do assume that p commutes with 9: 

9 p p = p 9 P . 

Hence a := p\r G End(i?) has the meaning. Note that U and p(U) are normaliz- 
ing R in M. Indeed, the commutativity of 9 with p yields p(U)Rp(U*) C M e = R. 

We consider the relative commutant o~{R)' fl R. This is finite dimensional by 
the Pimsner-Popa inequality for p o <f> p . Since p is irreducible, 



(a(R) 1 n R^pW = p (M)' n R = C. 
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This means that the finite dimensional von Neumann algebra <j(R)' D R admits 
the ergodic Z-action Ad p(U). Hence a(R)'nR is abelian. Let dim(a(R)'r\R) = n 
and pi, . . . ,p n be the minimal projections of cr(R)' fl R such that 

a(R)' n R = Cpt H h Cp„. 

By Lemma 14.21] R w C M w holds. Hence a G End(i?)o is centrally trivial. 
Applying Theorem 14.121 for the hyperfinite type IIL factor R, we see that a is a 
modular endomorphism, that is, there exists ti, . . . , t n G R such that 

i=l 

Take an isometry Wi G (cr^, cr) with WiW* = Pi for each i. Then we have 

n 

a(x) = S ^Wiaf i {x)w* for all x E R. 

Set /i = X/I=i Cr^O^i e U(R). Then we have 

o"t °" °"-t = ^d P ff ' 

Since Ad U\r = a?, we have 

Ad Up(U*)oa= Ad/io ff) 

where we note that C/p(C/*) G M 9 = R, and p*Up(U*) G <r(i2)' n -R. Hence there 
exists Xii ■ ■ ■ j Xn £ T sucn that 

n n n 

i=l i=l i=l 

and we have 

n 
i=l 

Taking s» G T with 6 Si (U) = XiU, we have 

n 

P (f/) = ^^(f/K. 
i=i 

Therefore p has the following decomposition: 

n 

p(a;) = Wiaf.(9 Si {x))w* for all x & M. 

i=l 

Since p is irreducible, we have n — 1 and [p] = [o^0 Sl ]. This shows Sl must be 
centrally trivial. By Lemma [4.221 s\ = 0, and we have [p] = [crf^]. Hence p is a 
modular automorphism. □ 
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4.6. Type III case 

4.6.1. Reduction of the problem to the study of type II inclusions. Let M = A "x 9 Z 
be the discrete decomposition of a type IIIo factor M with the implementing 
unitary U. Let r be a trace on N and tp = f be the dual weight on M. Then it 
is known that the weight (p is lacunary. Let 9 be the dual action of the torus T 
on M. By [T21 Theorem 3.1, Corollary 4.6], 9 P is approximately inner for pGl 

Lemma 4.25. Let M = N x# Z be the discrete decomposition as before. Let 
p G Cnd(M) irr . Then there exists a unitary w G M such that Ad wp and 9 
commute and Ad wp(U) = U . 

Proof. Since 9 P is approximately inner, p and 9 P commute in Sect(M) by Lemma 
14.71 Through the T-valued 2-cohomology vanishing as in type IIIa case, we can 
take a #-cocycle v such that 

9 p p9 p x = Adv*p for all p G T. 

We show that v is a #-coboundary by using the 2-by-2 matrix argument. Set 
P := M 2 (C)®M, the T-action a := id®# and the a-cocycle w := eii(8>l + e 22 (S>t>. 
Let j3 = Adva be the perturbed action. We will showp := en (8)1 and q := e 22 (8>l 
are equivalent in 

First we show that p and q are properly infinite projections in P 13 . Since 
pPPp = Cen <8> M e , p is properly infinite. For q, we have gP^g = Ce 22 ® M^'' 6 '. 
Since M Adt,e D p(M d ), q is properly infinite. 

Second we show that the central supports of p and q are equal to 1. We 
set a unitary V \= en ® U + e 22 (g> The equality /3 P (V) = e~ ip V shows 

that (3 is a dual action. Hence P is naturally isomorphic to P 13 XAdv Z. We 
regard P = P^ x^dy ^- O n one hand, P T is isomorphic to P 13 <8> P(£ 2 (Z)) 
by Takesaki duality. Since p,q E P 13 , 7Tg(p) and ^(g) are mapped to p <8> 1 to 
g ® 1. Hence it suffices to show that the central supports of irpip) and irp(q) are 
equal to 1 in F xi^ T. On the other hand, P T is naturally isomorphic to 
P n a T = M 2 (C) ® (M x ^ T) . Since p,qeP a HP 13 , itpip) and ^(g) are mapped 
to 7r a (p) = p (8) 1 = en (8) 1 <8> 1 and 7r a (g) = g<8 1 = e 22 ® 1 <8> 1 . Hence the central 
supports of 7Tp(p) and iip(q) in P x^ T are equal to 1. 

Therefore p and g are equivalent in P 13 , and v is a #-coboundary. Take a 
unitary w G M such that t> p = w*9 p (w). Then # p o (Adwp) = (Ad wp) o 9 p . 
Hence we may assume that p and 9 P commute. Then p(U)U* is contained in 
M = N. Since 9 is stable [TJ Theorem III. 5.1 (i)], there exists Wi G U(N) such 
that p(U)U* = w*6(wi). Then Adwip satisfies the desired properties. □ 

Lemma 4.26. Let p be an irreducible endomorphism with finite index on M. 
Assume that <p p and 9 commute and p(U) = U . If an endomorphism p\N9 n on N 
is inner for some n G Z ; then p is a modular endomorphism. 

Proof. The proof is similar to that of [121 Theorem 5.2]. We may and do assume 
that p\n is inner by perturbing p to pAdU n . Let % C N be a Hilbert space 
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such that p\n = p^. Since p has finite index, "K is finite dimensional. Put 
d := dim(Df). Let (Vi)f =1 be an orthonormal base of "K. Note that <pp = dip 
holds. Indeed for x G M + , we have 



(p(p(x)) = 




Next we will show ro0 p = d _1 r on iV. Let h be the positive operator affiliated 
with N such that r o <p p = r h . Since 4> p p\n = idjv, h is indeed contained in 
p(N)' fl iV. Moreover we have 

0(/i ft ) = 0([£>r o p : Dr] t ) = [Dr o^o 0" 1 : £>T0 _1 ] t = [DrQ- 1 o p : DrA" 1 ]* 
= [DtB- 1 ofa-.Dro (f> p ] t [DT o fa : Dr] t [DT : Drr 1 ^ 
= p([Dr6- 1 : L>r] t )[£W p : Dr] t [Dr : DtO' 1 ^ 
= [DrO- 1 : Dr] t [Dr o fa : Dr] t [Dr : Dt^ 1 ^ 
= [Dr o fa : DrJ^rr 1 : Dr] ( [Dr : DrQ~\ 
= [Dr<t> p : Dr] t = h u . 

Hence /i is affiliated with (p(N)' n iV) 9 = p(M)' n iV = C, and h is a positive 
scalar. Using rp = dr and ro0 p = for, we have /i = d" 1 . Since 9 and </> p commute, 
we have <p o <p p = d~ x p. 

Define fa = d~ l J2i=i Vi x Vi f° r x E N. Then fa is a left inverse for p\ N and 
satisfies t o (p l = d~ 1 r. The equality r o <p p \ N = r o fa implies that p |at = fa. 

Now we show that d(p) = d. From the Pimsner-Popa inequality, the map 
P ° <P p \n — d(p)~ 2 id.N is a completely positive on N. Set a projection p : = 
T,tj=id- 1 V i V i V;v; E N. Then p(fa(p)) = Px(fa(p)) = d-\ Hence d(p) > d. 

Note that p(<p p {U)) = U. Regarding M = N x} e Z C N <g> B(£ 2 (Z)), we can see 
that {pji°fa ® id) | m is a conditional expectation from M onto p(M) whose index 
is equal to d 2 . By the minimality of E p , d 2 > lnd(E p ) = d(p) 2 . Thus d(p) = d. 

The equality p(U) = U is equivalent to J{*0(J{) C Z(N). We set Qj : = 
V*6(Vj) for 1 < i, j < d. Then c := {c itj ) itj is unitary in M d (C) <g> Z{N). 

Consider the canonical core M = M x v R C M <g) B(L 2 (R)) and the canonical 
extension p. Note that Z(JV) <g> L(R) C M. Let /3 = ir aV (U) E Aut(M). Then it 
is known that the covariant system {Z(N) ®L(R), (3} has a fundamental domain, 
that is, there exists a projection e G Z(N) <8> L(R) such that X]nez/^"( e ) = 1- 
In particular, {M d (C) <E> ^(iV) <S> L(R), id 0/3} is stable. Hence there exists a 
unitary i/ G M d (C) <g> Z(iV) <g> L(R) such that c <g> f = i/(id(8)/3)(i/*). Set W; j = 
Sj=i ^C^jf)^- ^ i s eas y to see that a family (Wi)f =1 span a Hilbert space in M. 
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We show that p is implemented by (Wi)f =1 . Take x e N. Since e Z(N)®L(R) 
for all i,j and Z(N) <g> L(R) C -K aV (N)' , we have 

WiTTffV (x) = 7r CT ^(p(a;))W / j = p(-K aV (x))Wi. 

Since (f o <p p = dr 1 ^ = d(p)~ 1 (p : we have p(A^(t)) = A v (t). Then it is trivial that 

WiX^it) = X v {t)Wi = p(X v {t))Wi for all t G R. 

Finally we have 

d d 



1=1 



i,j',fe=l 

d 



= *Av j )v ji P(''iiMu)*Av:) 

i,j,k=l 

d 

= E ^(^) (^(id®/3)K)) jfe 7r CT ,(^(y;)C/) 
j,fe=l 

d 

j,k=i 
d 

= E^(^)(q,- fc ®l)^(W)tO 

d 



= 7r^([/)=p(7r CT ,(f/)). 

Since the core M is generated by n aV (N), n aV (U) and A^(t) = 1 <g) A(£), i G 1, 
we see that p is implemented by (Wj)f =1 . □ 

4.6.2. Central non-triviality of hyperfinite type II inclusions. 

Lemma 4.27. Let N C M be an inclusion of von Neumann algebras with a 
faithful normal conditional expectation Ef£ . Assume that N is hyperfinite and of 
type II. Then the inclusion is centrally non-trivial in the following sense: For any 
5, e > 0, any faithful state <p on N, any finite subset 5F C N* and any finite family 
( x i)iLi in ^e unit ball of M with E^ v ^ N , nM ^(xi) = 0, there exists a partition of 
unity (qjYj =1 in N such that 

(1) the partition number t does not depend on 5 and H. 



(2) 
(3) 



3=1 

t 

E tow ~ * 

3=1 



< e for all 1 < i < m, 
< 5 for all xeJ. 
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Proof. This can be similarly proved as in the case of subfactors [29] . We may and 
do assume that N is of type Hi (see [221 Proposition 3.4 (i)]). Let r be a faithful 
tracial state on N. Let Cat be the center of N. Since N is hyperfinite, we can 
regard iV = Cat <E> Ro, where Ro denotes the hyperfinite type Hi factor. Let R n 
be a type ^ subfactor of Ro such that {R n }^ =1 is an increasing sequence and 
U„>i-R n is weakly dense in R . 

We set M n := R' n nN and M n := R' n nM. The inclusion N C M is isomorphic 
to Af n <8> R n C M. n ® R n , and the state if) is ^l-Mn ® Tfv Using this identification, 
we have 

iV v (iV' n m) = (AA v {Af n n 7W n )) ® R n = N n v {K n M). 



In particular, this implies 



{Xi}i=i C JV t be a finite set. Let 5 > 0. Since the union of an 



J NV(N'nM) 

Let J := 

increasing sequence {6^ <8> -Rnj^i is strongly dense in iV, the set {ra | a G 
® R ni n > 1} is dense in AT*. Hence there exists p G N and a, G Cat <g> _R po , 
1 < i < k such that \\xi — Tdi\\ < 5/2 for 1 < i < k. 

Let e > 0. By spectral analysis, there exists a positive invertible h in N such 
that ||<p — r/i|| < e 2 /A and r(/i) = 1. By taking enough large p\ G N, there exists 
a positive invertible hi G Cat ® i? Pl such that ||r/i — r/ii|| < £ 2 /4 and r(/ii) = 1. 



Then \\<p — rhi\\ < e /2. We set ip := r/ii G AT*. Putting p := max(p ,Pi), we 
have h,di G Cat <S> -R p . 

Next let (xj)™ x be given as in the statement. Then ( orthogonal to 

ApV(A^flM). Applying Popa's local quantization toAp C M^ oE m ES Theorem 
A. 1.2], we have a partition of unity (?j)~-=i in A/^ such that 



< —= for all 1 < z < m, 
V2 ~ ~ 



where t < (40 v 7 ^ 1 



/2\(mlog(2e 



N 

- 2 )/log|) 



We check that (<2j)j =1 has the desired 



property. Since 



^=1^4/ < \\ x i\\ < 1; we nave 



-<poE% 



Z* 



Hence we have 



(<poE™-iPoE%) | 

= ||^-^||+£ 2 /2<£ 2 /2 + £ 2 /2 = £ 2 . 



3=1 



< 6. 



15 



+ 



Moreover, since qj G J\f p and a, G CV ® R p commute, we have 

= \\[Xi ~ TOi,qj\\\ < 2\\xi ~ ra^ < 5. 

□ 

The previous lemma immediately implies the following lemma. 

Lemma 4.28. Let N C M be an inclusion of von Neumann algebras with a 
faithful normal conditional expectation E$f ■ Assume that N is hyperfinite and of 
type II. Then for any e > 0, any faithful state ip on N and any finite finite family 
( x i)iLi i n th e un ^ ball of M which satisfies E^ v , N , nM Jxi) = and Xi ^ 0, there 
exist t G N and a partition of unity (^)* =1 m N u such that 



Qj x iQj 

3=1 



< e\\xi\\ voE M for all 1 < i < m. 



>n r 

Proof. In the previous lemma, we take (e/2) mmjllxjll^^M | 1 < i < m} for e. 
Note that we can take the partition number t which does not depend on 8 and 3\ 
Let {^uj^Li be an increasing sequence of finite sets in N* whose union is dense 
in TV*. Letting 5 — \ jv and 5F = J u for v G N in the previous lemma, we obtain a 
corresponding partition of unity (gj)* =1 . Then it is trivial that the sequence {qf) v 
is centralizing, and qj := 71^ ( 1 < j < t is a desired partition of unity. □ 

4.6.3. Endomorphisms on type II von Neumann algebras. Let N be a hyperfinite 
type II von Neumann algebra with a centrally ergodic automorphism 9. We 
denote by C the center of N. We consider a subset So C End(iV) which consists 
of endomorphisms with left inverses commuting 9. For each p £ ^, we choose a 
left inverse <f) p on N such that <p p 9 = 9<p p . Note that this equality implies p9 = 9p. 
For endomorphisms p, a on N, we write (p, a) jv for (p, a) to specify N. 

Lemma 4.29. Assume that p G £e satisfies (p,9 h )n = for any n G Z. Then 
for any e > 0, m G N and a faithful state ip G iV*, there exists t G N and a 
partition of unity (<fc)* =0 ^ s^c/i £/icrf 

(!) I^(C(%))Iom>p)" < £ kil(y°<W /° r alll<i<t, 

\n\<m 
(2) M(V>o</> p )<" < £■ 

Proof. Set <p := ip o <f) p G iV* and M := M 2m+2 (C) (g) M. Let {e^ | -m <i,j< 
m + 1} be a system of matrix units of M2 m +2(C). We introduce a homomorphism 
7r : iV -> M defined by 

-1 m+l 
i=—m i=l 

for x E N. Put N := n(N). We use a conditional expectation i?^ defined by 

^ / -1 m+l 



\i=—m i=l 
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We set (p := <pir 1 E™, and we have 



, / -1 m+l 

— - ^ E Mo~*M) + xoo + J2 M^M) 



2m + 2 



8=1 



Since (p, # n ) = for any n G Z by assumption, we have 



-i 



m+l 



Jf n M = E C eii <g> (p0\ p^)jv + Ce 00 ® (id, id) w + E Ceii ® ^ <_1 ' ^ i_1 < 



AT- 



i=l 



Hence {e^}^^ cWV(W'nM)c ({e,,}™^)' n M. In particular, i ^ j is 
orthogonal to N V (W'nM). 

Let £ > 0. By applying Lemma [4.281 to 74 C M, we obtain a partition of unity 
(qv)r=i of N u such that for all % with i 7^ 0, 



r=l 



< 



2m + 1 



lk- ®iL 



where 7r w : N w — ► M w is the natural extension of 7r : iV — >• M. By direct compu- 
tation, we obtain 



E^^-X^o® lK(g r ) 



r=l 



E H^(^(9r))gr|| J- if - m < Z < -1, 
~" r=l 
1 * 

r=l 



Since p"{P-\q r )),q r G (jV"V, we have ||p<"(^(g r ))<2,||^ = ||?r/^(^(?r))IU 
Hence we have 



Eii^(^))ii; 



< 



r=l 



(2m + l) 5 



for all lil < m. 



Summing up with i, we obtain 



E E 

r=l \|«|<m 



< 



2/;m I ^ 

r=l 



(4.1) 



We set an index subset in N 



h ■= {r G Z I 1 < r < t, E ll?r/^(^(gr))||^ < 



|«|<m 



(2m + 1)V2 



ll?r| 
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We set q := 1 — J2 r ei Qr- We check that the family {q } U {q r }rei is a desired 
one. On the size of qo, we have 



\Qo 



= E i*u < E (2 '" + £ 1>1/2 E 

^ (2m + l) 1 /2 * 

r=l |i|<m 

r=l 



(2m + l)Vs 



< e. 



Note that and p u; (N CJ ) are contained in (N^)^. For any x,y G (N^)^, the 
inequality |xyLu, < || holds. Using this inequality, we have, for r e I , 

E ISr^(^(?r))k < E ll^ll^ll^^fe))!!^ 

1/2 / \ 1/2 



< E iift-nj- 1 I E h^rnvr 

\\i\<m 

<(2m + l) 1/2 ||g 



2 

|i|<m J 

£ ,, ,, 



(2m+l)V2 ||yr ^ w 

= ^ 1 9r 1 • 

For an endomorphism trivially acting on Nr. u , we have the following. 



□ 



Lemma 4.30. Assume that p G £$ acts on trivially. Then for any e > 
and any faithful state <p G iV* ; there exists 5 > and a /imte set of states S C iV* 
swc/i if u E U(N) satisfies \\[u,x}\\ < 8 for all x £ § « n< ^ — < 
i/ien we /iawe \\p(u) — u\\ v < e. 

Proof. Take an increasing sequence of finite subsets {3",,}^ in N* so that 
U£Li3v C N* is dense. Suppose that the statement is false. Then there ex- 
ist Eq > and a faithful state (p G iV* such that for any ^ G N, we can take 
u v G U(N) such that ||[it v ,x]|| < l /v for all x e \6(u") - u v \ v < l/u and 
— u^W^ > Eq hold. Then the sequence [u u ) v is a centralizing sequence in 
N, and set u := 7T £J ((w l ')i/) G iV w . Since we have \6{u u ) — u u \ v — ► as i> — > c<j and 
w is centralizing, we easily see that 8(u u ) — u v — > strongly* as f — > Hence 
^w(w) = w. However we have ||p^(m) — > e , and this shows that p u is not 
trivial on N e ? . This a contradiction. □ 

The following lemma is directly proved from the previous lemma. 
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Lemma 4.31. Assume that p G Sg acts on N^* trivially. Then for any e > 
and any faithful state <p G N*, there exists 5 > such that if u G U{N L J) satisfies 
\du>(u) — u\ v u> < 5, then \\p w (u) — < e. 

The following lemma plays an important role for our work in type IIIo case. 

Lemma 4.32. If p G £$ acts on N^ u trivially, then (p, n )N 7^ for some iiGZ. 

Proof. Assume that (p, 9 u )n = for all n G Z. We will derive a contradiction. 
Step I. We prepare 5, e, £i > 0, m G N and the states if), if), p and (p on AT. 

Take < e < 1 and a faithful state ?/> G iV*. Set ip :— ip o cp p . For e and the 
state v?, we can take 5 > as in Lemma T4.3 II Take m G N enough large to satisfy 
y/3/m < 5/2 and 1/2 < 1 - 1/m - ^/3/m < 1. Take ei > such that 



1/2 < 1 - 1/m- y^3/m- 2me 1 < 1. (4.2) 
Define the following faithful states on iV 



■0 := — t^- 7 , ip := if) o (f> 
m ^ 

3=0 

Since # and P commute, we trivially have 

m—1 

1 



1 m—1 



m 

3=0 

Note that N u and p w (N tt} ) are contained in (A^ w )^. 

Step II. We take a "Rohlin partition" (g^ in N w for {/On=-m c End(iV w ). 

For £xj m and <p, we apply Lemma f4. 291 Then there exists i e N and a partition 
of unity (gi)* =0 in iV w such that 

\<lifffl,(<li))\p> < eilfclp- for all 1 < i < t, (4.3) 

\n\ <m 

\qo\p> < £i- (4-4) 

Step III. We average each and take gj so that this is almost invariant under 
9 U and almost orthogonal to p^icfi). 

Take a Rohlin partition for {C, 8} as [TO! Lemma 10], i.e., a family of orthogonal 
projections {-Ej}™ in C such that 

(1) 6{Ei) = E i+1 for < i < m - 1, 



(2) 



m—1 
i=0 



> 1 - 1/m, 



(3) |£ |</> < V m 5 l^mlv < 2 / m - 
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Next we average along with the Rohlin partition as follows. For each < 
i < t, we define q~i G N u by 

m— 1 
3=0 

It is clear that {%}* =0 are orthogonal projections, and we have 

t t t TO— 1 

E isi*" = E ^(®) = E E ^M E s) 



i=0 



j=0 

TO— 1 



i=0 j=0 



TO— 1 



j=0 i=0 

> 1 - 1/m. 



j'=o 



For all < i < t, we have 



TO— 1 



j,k=0 

TO— 1 



j,fc=0 

TO— 1 

E(^W(«)))¥W 

j,fc=0 



(4.5) 



Since i\T w and p w (N UJ ) are contained in (A^)^, we have for 1 < i < t, 



TO— 1 

i,fc=0 

TO— 1 

j,fc=0 

TO— 1 

< E l(n%P w (e%)))U ii^(^)ii 

j,fc=0 

TO— 1 

<E E \(n j (<np"m<ii)))i« 

j=0 \n\<m 
\n\<m 

<me 1 \q i \^ (by g3D). 
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(4.6) 



By definition of q iy we obtain 9 (J (q i ) — qi = —qiE + 0™(qi)E m . Hence we have 

t t t 

E M%) - = E I " + C(ft)^»lv- = E i^^iEo) + tp"(9™( qi )E m )) 

i=0 i=0 «=o 

= ^(E ) + <^(E m ) 
<l/m + 2/m = 3/m. 

By using (14. 5p . we have 

E \ 9 <*(&) - < — ( — + E 



_l 05" 

m \m c — ' ' 

i=0 \ i=0 



Step IV. We show that most of {gj}* =0 are almost invariant under 9 W . 

We set an index set I := {i G Z | — 1 < i < £}. We also put X_i := 0, 
K_i = 1/m, Xj := |0 w (gj) — and Fj := |^|^ for 1 < i < t. Then the above 
inequality yields 

We introduce the following index subsets of I: 

J := {i G I I Xi < y^J^Yi}, h := {i G I | 1 < i < t}. 
By definition of I\, q~i ^ if % G Ji and we have 



K(qd - qi\^ < y/3/m\qi\r> < {S/2)\q^. (4.7) 
We estimate of the total size of Y± for i G I \ Iq as follows. 

E *i < E v 7 ^^ < E V^/z^ 

< (3/m) E ^ = E y «- 



This implies 



E^ = E^- E ^>(i-v / 3M)E F - 

iei iei iei\io ie/ 
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It is trivial that —1 is in J . Hence we have 



E 

i&I ,0<i<t 



Qi\ 



= J^-l/m 

ieJo 

>(i- V3M)E^-v 

t 

= (1 - y/3/m)(l/m + ^ Fi) - 1/m 

i 

= (1 - v/3M) £ " (V"0>/37 



i=l 



> (1 - v / 3/™)( 1 - 1/m) - (l/m)v/3/^ (bv (fl3]l ) 



= 1 — 1/m — y/3/m. 
Now we estimate the size of go a s follows. 



(4- 



m— 1 



771—1 



9o 



j=0 



3=0 
m— 1 

i=0 

<mei. (by ([OD ) 
Together with this inequality and (14.81) . we have 

Iftl^w > 1 — 1/m — y/3/m — mE\. 

Now we set p := 1 - Sie/i ^' Tlien b ^ ®^D' 

|po|^ w < l/ m + V^/m + mei, 



(4.9) 



(4.10) 



and 



|0 w (Po) - Pol 



< x;(*/2)isu 

<5/2. 



< 



(by m) 



(4.11) 



Step V. We sum up {po} U {qi}ieh with phases and obtain unitaries almost 
invariant under 9 W . We derive a contradiction by studying how p w acts on them. 
For z G T = {z G C | |z| = 1}, we define the unitary element 

u{z) =p + £Vg~. 

ieh 
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Then we have for all z G T, 

\0u{u{z)) - u{z)\^ < \6 w {p ) -po\^ + - 5i| 

ie/i 

<5/2 + (5/2)Y^\Qi\^ < S. (by (O) and gUD) 

Since we have taken e and 5 as in Lemma 14. 3 1[ we have 

\\p w (u(z)) - u(z)\\^ < e for all z G T. 

Making use of / = if M 0, we have 



e 2 > / \\p»(u(z))-u(z)\\l„dz 



(2 - <fr(u(zYfr{u(z))) - V "{ P "{u{z)*)u{z))) dz 

= 2-2 L"(p oP "(po)) 

V ieii / 

>2-2 f^ w (po)+ J2 m£i \^ ) ( h yn>: 



ieh 



>2 - 2 



l/m + A/3/m + mei + meij > 1 > e 2 (by (ET2]) and (ODji ). 



However this is a contradiction. □ 

The following lemma is similar to [T71 Proposition 3.4 (1)], which is stated 
about a canonical extension. 

Lemma 4.33. Let p G S e such that (p(N)'r\N) e = C. If there exists neN such 
that (p, O 71 )^ 0, then there exists a Hilbert space "K in N such that p = p^c o 9 n . 

Proof. We may and do assume that (p, id) at 7^ by considering p9~ n for p in case 
of (p,8 n ) N ^ 0. Note the fact that {id,p) N is p(A)' n A-Z(A)-bimodule, that is, 
if a G p(N)' n N, A G (id, p) N and b G Z(A), then aA6 G (id, pV Also note 
that (id, p) n is globally invariant under 6 because p and 6 commute. 
Step I. We show that for any non-zero projection p G p(N)' n N, there exists a 
non-zero partial isometry V G (id, p)^ such that pV 7^ 0. 

Assume that such an element does not exist. Then for any A G (id, p)jv, we 
have pX = 0, and 6 n {p)d n (X) = for all n G Z. Since 9 n ((id,p) N ) = (id,p) N , we 
have 6 n {p){id,p) N = for all n G Z. This implies that \/ neZ n (p) (id,p) N = 0. 
However the projection \f neZ d n (p) is contained in (p(N)' H A) 61 = C, and it 
is equal to 1. This shows (id, p)^ = 0. This is a contradiction. Hence there 
exists a non-zero X G (id, p)jv such that pA 7^ 0. Let A = V\X\ be the polar 
decomposition of A. Then it is easy to see that V G (id, p)^. The partial 
isometry V satisfies pV 7^ 0. 
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Step II. We show the following: Let p £ p(N)'r\N be a non-zero projection. Then 
there exists a partial isometry V £ (id, p) n such that VV* < p and V*V = z N (p), 
where zn{p) is the central support projection of p in N. 

For partial isometries V, W £ p(id, p) at, we define the relation V -< W by 
V" = WV*V, and this gives an inductive order on the set p(id, p)^ as in the 
proof of [I7J Proposition 3.4]. Take W a partial isometry from p(id, p)jy which is 
maximal with respect to this order. Note that WW* < p, and W*W < Zn(jp)- 
Assume that W*W ^ zn(p)- We set a central projection zq := zn(p) — W*W. 
Using Step I for a non-zero projection pz £ p(N)' fl N, we obtain a non-zero 
partial isometry W £ (id, p)^ such that W = pzqWq. Then W £ p(id, p)n and 
WfiWo < z Q . Hence W^W W*W = 0. Using W*W £ Z(N), we have 

W*W = (W*W)W*W = W*W (W*W) = W*W z Q (W*W) = 0. 

Hence W + W £ p(id, p) at is a partial isometry such that W -< W + W . This is 
a contradiction. Therefore W*W = zn{p)- 

Step III. Take any non-zero projection z in Z(N). We show that there exists a 
non-zero projection z\ < z in Z(N) and a family of partial isometries (T^)jej in 
(id, p) at such that 

V^Ui = Zl for all z £ I and ^ V^* = z x . 

iel 

Using Step II for the projection z, we can take a family of partial isome- 
tries (Wi)i £ i in (id, p)jv whose range projections are maximally orthogonal and 
W*Wi = z for all iel. We set p := z - WiW*. Again by Step II, we can 
take a partial isometry W £ (id, p)^ such that pW = W and W*W = z N (p). If 
z n{p) = z, then a extended family (Wi)i e i U {H 7 } contradicts with the maximal- 
ity Hence Zjy(p) 7^ 2, and we set £1 := z — z N (p) 7^ and Vi := -ZiPUj. It is trivial 
that (Vi)izi are contained in (id, p)^ and satisfy V*Vj = 5ijV*Vi for all i,j £ I. 
Since zip = 0, we have Z\ = K^*- 

Step IV. We show that there exists a partition of unity (za)aga in Z(N) and a 
family of partial isometries (V i x )i^i x in (id, p)n for each A £ A such that 

(VfyV* = z x for all i £ J A and KW)* = z x- 

Let (z\)xeA C Z(N) be a maximal family of orthogonal projections which 
possesses such families of partial isometries. Assume that XaeA ^ 7^ 1- By Step 
III, there exist a non-zero projection z\ £ Z(N) and a family of partial isometries 
(Vi)i e i in (id, p)at such that ziZ\ = for all A £ A and 

V*Vi = Zl for aU i £ / and V;V/ = Zl . 

iei 

The family (-2a)asa U {zi} contradicts with the maximality. Hence ^ AsA -2a = 1- 
Step V. Let z\ and as in Step IV. We show that the cardinality of each I\ is 
equal to each other. 

54 



Take Ai,A 2 G A. By ergodicity of {C,^}, there exists n G Z such that z 12 : = 
Q n (z\i)z\2 ¥= °- We set w i 3 ■= (^") 2 ~ i (^ Aj >i2 for i G J A . and j = 1,2. Trivially 
is contained in (id, p)^. Then we have, for each j = 1,2, 

(WpyWp = z 12 for all i G I Xj and E ^'(wf 3 ')* = z 12 . 

Note that (W^W/ 2 G Z(iV) for i G h and j G J 2 . Let |/ A | < oo be the 
cardinality of I\ for A G A. Then 

\hAz l2 = Y.^tr^w^ = e E (^ a t^ A2 (^ A2 w Ai 
= E EW 2 )*^ 1 ^ 1 )*^/ 2 = E(^/ 2 )*^/ 

= Z 12 = |-^A 2 ki2- 



Hence \I\ 



'a 2 | 



Step VI. By Step V, we may and do assume that each index set I\ is the same 



N 



index set /. We set Vi := XaeA ^ • ^ i s trivial that Vi is an isometry in (id, p) 
and ^ ig/ = 1- Then the Hilbert space spanned by (V^) ie / implements p. □ 



• Proof of Theorem Jf.,12 for hyperfinite type IIIq factors. 

It suffices to show that Cnd(M) irr C End(M) m as before. Let M = N x# 
Z be the discrete decomposition with the implementing unitary U. Take a G 
Cnd(M)i rr . By Lemma [4.251 we may and do assume that a and 9 commute and 
moreover a{U) = U. We set p := o~\n- Then the restriction 4> a \N is a left inverse 
of p and it commutes with 6. Hence p G Sg. Since M w is naturally identified with 
{N u ) e » [191 Lemma 7], cx w = id on (A"J^- Then by Lemma (a,9 n ) N ^ 
for some nGZ. By Lemma I4.33[ we can find a Hilbert space IK in N such that 
°~ — P3i@ n - Thus p is a modular endomorphism by Lemma [4.261 □ 

Remark 4.34. In this paper, we have studied centrally trivial endomorphisms 
with finite indices. However, as we claimed before, central triviality has the 
meaning even for endomorphisms with infinite indices if they have left inverses. 
Hence it is natural to consider the generalization of Theorem 14.121 It seems that 
Lemma 14.321 14.331 play important roles because in them we have not assumed 
that p has finite index, but that study is beyond our scopes at the present. 
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